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ABSTRACT

We propose a variational method for determining a time-dependent term in the
right hand side of parabolic equations from integral observations. It is proved that
the functional to be minimized is Fréchet differentiable and a formula for its gradient
is derived via an adjoint problem. The problem is discretized by the finite difference
methods and then he conjugate gradient method in coupling with Tikhonov regular-
ization is applied for numerically solving it. Numerical results are presented showing
that our technique is efficient.
Keywords: Inverse problems, ill-posed problems, integral observations, finite differ-

ence method, conjugate gradient method.

1 Introduction

Let Ω be an open bounded domain in R
n. De-

note by ∂Ω the boundary of Ω, Q := Ω×(0, T ],

and S := ∂Ω × (0, T ]. Consider the following
problem


















ut −∆u = f(t)ϕ(x, t) + ψ(x, t), (x, t) ∈ Q,

u(x, 0) = u0(x), x ∈ Ω,

∂u

∂ν
= g(x, t), (x, t) ∈ S.

(1.1)
Here, ν is the outer normal to ∂Ω. And ϕ ∈

L∞(Q), ψ(x, t) ∈ L2(Q), u0(x) ∈ L2(Ω),
g(x, t) ∈ L2(S). Furthermore, it is assumed
that ϕ > ϕ > 0, with ϕ being a given con-
stant.

To introduce the concept of weak solution,
we use the standard Sobolev spaces H1(Ω),
H1

0 (Ω), H1,0(Q) and H1,1(Q) [3, 5, 6]. Fur-
ther, for a Banach space B, we define
L2(0, T ;B) = {u : u(t) ∈ B a.e. t ∈

(0, T ) and ‖u‖L2(0,T ;B) <∞}, with the norm

‖u‖2L2(0,T ;B) =

∫ T

0
‖u(t)‖2Bdt.

In the sequel, we shall use the space

W (0, T ) defined as W (0, T ) = {u : u ∈

L2(0, T ;H1(Ω)), ut ∈ L2(0, T ; (H1(Ω))′)},

equipped with the norm ‖u‖2
W (0,T ) =

‖u‖2
L2(0,T ;H1(Ω)) + ‖ut‖

2
L2(0,T ;(H1(Ω))′).

Definition 1. The function u ∈ W (0, T ) is
said to be a weak solution of (1.1) if for all
η ∈ L2(0, T ;H1(Ω)) satisfying η(·, T ) = 0, the
following identity holds

∫ T

0
〈ut, η〉(H1(Ω))′,H1(Ω)dt+

∫∫

Q

▽u▽ ηdxdt+

∫∫

S

αg(x, t)η(x, t)dsdt

=

∫∫

Q

(f(t)ϕ(x, t) + ψ(x, t)) η(x, t)dxdt,

(1.2)

and u|t=0 = u0. It is proved in [5] that there
exists a unique solution inW (0, T ) of the prob-
lem (1.1). Furthermore, there is a positive con-
stant cd > 0 independent of f, ϕ, ψ, g and u0
such that

|| u ||W (0,T ) ≤ cd(|| fϕ ||L2(Q) + ||ψ ||L2(Q)+

|| g ||L2(S) + ||u0 ||L2(Ω)).

In this paper, we will consider the inverse prob-
lem of determining the time-dependent term
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f(t) from an integral observation of the solu-
tion u. Namely, we try to reconstruct f(t) from
the observation

lu(x, t) :=

∫

Ω
ω(x)u(x, t)dx = h(t), t ∈ (0, T ),

(1.3)
where ω(x) is a weight function. We suppose
that ω ∈ L∞(Ω), nonnegative almost every-
where in Ω and

∫

Ω ω(x)dx > 0. The obser-
vation data h is supposed to be in L2(0, T ).
We will reformulate the inverse problem in
our setting to a variational problem and prove
that the functional to be minimized is Fréchet
differentiable and derive a formula for it. To
solve the variational problem numerically we
discretize it by the finite difference method,
and then use the conjugate gradient method
(CG) in coupling with Tikhonov regularization
to stabilize the solution and then test the al-
gorithm on computer.

2 Main result

2.1 Variational formulation

From now on, to emphasize the dependence
of the solution u on the unknown function f ,
we write u(f) or u(x, t; f) instead of u. Fol-
lowing the least-squares approach [1, 2, 4], we
estimate the unknown function f(t) by mini-
mizing the objective functional

J0(f) =
1

2
‖ lu(f)− h ‖2L2(0,T ) (2.1)

over L2(0, T ).

To stabilize this variational problem, we min-
imize the Tikhonov functional

Jγ(f) =
1

2
‖lu(f)−h‖2L2(0,T )+

γ

2
‖f−f∗‖2L2(0,T )

(2.2)
with γ being a regularization parameter which
has to be properly chosen and f∗ an estimation
of f which is supposed in L2(0, T ). We have a
result:

Theorem 1 The functional Jγ is Fréchet dif-

ferentiable and its gradient ∇Jγ(f) at f has

the form

∇Jγ(f) =

∫

Ω
p(x, t)ϕ(x, t)dx+γ(f(t)−f∗(t)),

(2.3)
where p(x, t) satisfies the adjoint problem


















−pt −∆p = ω(x) (lu(x, t; f)− h(t)) in Q,

p(x, T ) = 0, x ∈ Ω,

∂p

∂ν
= 0, (x, t) ∈ S.

(2.4)
Proof. For an infinitesimally small variation
δf of f , we have

J0(f + δf)− J0(f) =
1

2
‖lu(f + δf)− h‖2L2(0,T )

−
1

2
‖lu(f)− h‖2L2(0,T )

= 〈lδu(f), lu(f)− h〉+
1

2
‖lδu(f)‖2L2(0,T ),

where δu(f) is the solution to the problem


















δut −∆δu = δf(t)ϕ(x, t), (x, t) ∈ Q,

δu(x, 0) = 0, x ∈ Ω,

∂δu

∂ν
= 0, (x, t) ∈ S.

(2.5)
We have the estimate, ‖lδu(f)‖2

L2(0,T ) =

o(‖δf‖L2(0,T )) as ‖δf‖L2(0,T ) → 0.

We have

J0(f + δf)− J0(f)

= 〈lδu, lu− h〉+ o(‖δf‖L2(0,T ))

=

∫ T

0

(

∫

Ω
ωδudx

)

(

lu− h
)

dt+ o(‖δf‖L2(0,T ))

=

∫ T

0

(

∫

Ω
ωδu(lu− h)dx

)

dt+ o(‖δf‖L2(0,T ))

=

∫ T

0

∫

Ω
ωδu(lu − h)dxdt+ o(‖δf‖L2(0,T )).

Using Green’s formula (see, i.e. [5, Theorem
3.18]) for (2.5) and (2.4), we have
∫ T

0

∫

Ω
ωδu(lu− h)dxdt =

∫ T

0

∫

Ω
δfϕpdxdt.
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Hence,

J0(f + δf)− J0(f)

=

∫ T

0

∫

Ω
δfϕpdxdt+ o(‖δf‖L2(0,T ))

=
〈

∫

Ω
ϕ(x, t)p(x, t)dx, δf

〉

+ o(‖δf‖L2(0,T )).

Consequently, J0 is Fréchet differentiable and
its gradient has the form

∇J0(f) =

∫

Ω
ϕ(x, t)p(x, t)dx.

From this equality, we immediately arrive at
(2.3). The proof is complete.

The direct and inverse problem are solved us-
ing the finite difference method. Now we intro-
duce the conjugate gradient method for solving
the variational problem.

2.2 Conjugate gradient method

Step 1: 1.1. Given an initial approximation
f0 ∈ R

n.

1.2. Calculate U0(f0) is the solution of the di-
rect problem


















U0
t −∆U0 = f0(t)ϕ(x, t) + ψ(x, t)in Q,

U0(x, 0) = u0(x), x ∈ Ω,

∂U0

∂ν
= g(x, t), (x, t) ∈ S.

1.3. Calculate the residual r̃0 = lU0(f0) −

h =
∫

Ω ω(x)U
0(x, t; f0)dx−h with ω(x) is the

weight and h =
∫

Ω ω(x)uex(x, t; f
0)dx, for uex

is the exact solution of (1.1).

1.4. Calculate r0 = −∇Jγ(f
0) given in (2.3)

by solving the adjoint


















−p0t −∆p0 = ω(x)
(

lu(x, t; f0)− h(t)
)

in Q,
p0(x, T ) = 0, x ∈ Ω,

∂p0

∂ν
= 0, (x, t) ∈ S.

1.5. Set d0 = r0.

Step 2: For n = 0, 1, 2, ...

2.1. Calculate Adn = lUn(dn) =
∫

Ω ω(x)U
n(x, t; dn)dx, here Un(x, t; dn) is the

solution of the direct problem.

2.2. Calculate αn =
|| rk ||

2
L2(0,T )

||Adn||
2
L2(0,T ) + λ ||dn||

2
L2(0,T )

.

2.3. Update fn+1 = fn + αndn.

2.4. Calculate the residual r̃n+1 = r̃n+αnAdn.

2.5. Calculate the gradient rn+1 given in (2.3)
by solving the adjoint


















−pn+1
t −∆pn+1 = ω(x) (lu(x, t; fn)− h(t))

pn+1(x, T ) = 0, x ∈ Ω,

∂pn+1

∂ν
= 0, (x, t) ∈ S.

2.6. Calculate βn =
||rn+1||

2
L2(0,T )

||rn||
2
L2(0,T )

.

2.7. Update dn+1 = rn + βndn.

2.3 Numerical simulation

In this we present some numerical examples
showing that our algorithm is efficient. Let
Ω = (0, 1). We reconstruct the function f from
the system for x ∈ (0, 1), t ∈ (0, 1)










ut − uxx = f(t)ϕ(x, t) + g(x, t),

u(x, 0) = u0(x),

−ux(0, t) = g1(t), ux(1, t) = g2(t).

(2.6)

Let T = 1, we test our algorithm for recon-
structing the functions in three cases: the first
f(t) is smooth, the second f(t) not differen-
tiable at t = 0.5 and the last one is discontin-
uous.

Example 1: f(t) = sin(πt).

Example 2: f(t) =

{

2t if 0 ≤ t ≤ 0.5

2(1− t) if 0.5 ≤ t ≤ 1.

Example 3: f(t) =

{

1 if 0.25 ≤ t ≤ 0.75

0 otherwise .
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We take u(x, t) = sin(πt) cos(x− t), u0(x) = 0,
g1(t) = sin(πt) sin(−t), g2(t) = sin(πt) sin(1−

t), ϕ(x, t) = (x2 + 1)(t2 + 1) and then put one
of the above functions f into the system to get
g(x, t). In the observation lu (2.6) we take the
following weight functions

ω(x) = x2 + 1 (2.7)

The numerical results for these tests are pre-
sented in Figures 1-3. From these results we
see that the numerical results in the one di-
mensional cases are very good, although the
noise level is 10%.
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Figure 1. Example 1: The exact solution in comparison with the numerical solution with noise
level = 0.1 (left) and noise level = 0.01 (right). The weight function ω is given by (2.7).
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Figure 2. Example 2: The exact solution in comparison with the numerical solution with noise
level = 0.1 (left) and noise level = 0.01 (right). The weight function ω is given by (2.7).
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Figure 3. Example 3: The exact solution in comparison with the numerical solution with noise
level = 0.1 (left) and noise level = 0.01 (right). The weight function ω is given by (2.7).
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[5] Tröltzsh F.,Optimal Control of Partial

Differential Equations: Theory, Methods

and Applications, Amer. Math. Soc.,
Providence, Rhode Island, 2010.

[6] Wloka J., Partial Differential Equations.

Cambridge Univ. Press, Cambridge, 1987.

TÓM TẮT
XÁC ĐỊNH MỘT THÀNH PHẦN PHỤ THUỘC VÀO THỜI GIAN TRONG VẾ

PHẢI CỦA PHƯƠNG TRÌNH PARABOLIC

Bùi Việt Hương*
Trường Đại học Khoa học, Đại học Thái Nguyên - TNU

Tóm tắt

Chúng tôi đề xuất phương pháp biến phân cho bài toán xác định một thành phần
phụ thuộc thời gian trong phương trình parabolic từ các quan sát tích phân. Chúng
tôi chứng minh phiếm hàm cần tối thiểu hóa khả vi Fréchet và đưa ra công thức xác
định nó qua bài toán liên hợp. Bài toán được rời rạc bằng phương pháp sai phân
và được giải số bằng phương pháp gradient liên hợp kết hợp với phương pháp chỉnh
Tikhonov. Một số ví dụ bằng số thực hiện trên máy tính đã thể hiện tính hiệu quả
của phương pháp.

Từ khóa : Bài toán ngược, bài toán đặt không chỉnh, quan sát tích phân, phương pháp sai

phân, phương pháp gradient liên hợp.

0*Tel: 0913162829, E-mail: buiviethuong84@gmail.com
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