
Secondary flow pattern and streamwise velocity distribution in a rotating square duct. 

y

z

-1 -0.5 0 0.5 1

-1

-0.5

0

0.5

1

U
18.1747
16.6865
15.1983
13.7102
12.222
10.7338
9.24566
7.75749
6.26932
4.78115
3.29298
1.80481

Reb=4500, Rob=0.0266

Computational  
Fluid Mechanics  

and Heat Transfer

series in computational and physical processes 
in mechanics and thermal sciences

Richard H. Pletcher
John C. Tannehill
Dale A. Anderson

T H I R D  E D I T I O N

ISBN: 978-1-59169-037-5

9 781591 690375

9 0 0 0 0

RU0374

Computational  
Fluid Mechanics  

and Heat Transfer
T H I R D  E D I T I O N

T H I R D  
E D I T I O N

FLUID MECHANICS

I have always considered this book the best gift from one generation to the next  
in computational fluid dynamics. I earnestly recommend this book to graduate  
students and practicing engineers for the pleasure of learning and a handy refer-
ence. The description of the basic concepts and fundamentals is thorough and 
is crystal clear for understanding. And since 1984, two newer editions have kept 
abreast to the new, relevant, and fully verified advancements in CFD. 
 
—Joseph J. S. Shang, Wright State University

Computational Fluid Mechanics and Heat Transfer is very well written to be used 
as a textbook for an introductory computational fluid dynamics course, especially 
for those who want to study computational aerodynamics. Most widely used  
finite difference and finite volume schemes for various partial differential equations  
of fluid dynamics and heat transfer are presented in such a way that anyone can 
read and understand them rather easily. In this sense, this book is also a good 
textbook for self-learners of CFD. In addition to the fundamental and general  
topics to be covered in a typical CFD textbook, chapters concerning high-
speed aerodynamics in depth are also included, which is very important for  
computational aerodynamicists.
 
—Prof. Seung O. Park, Korea Advanced Institute of Science and Technology

C
o

m
p
u

ta
tio

n
a
l F

lu
id

 M
e
c
h

a
n

ic
s
  

a
n

d
 H

e
a
t T

ra
n

s
fe

r

Pletcher
Tannehill
Anderson

RU0374_Cover_mech.indd   1 8/8/12   2:11 PM





Computational  
Fluid Mechanics  

and Heat Transfer
T H I R D  E D I T I O N



Series in Computational and Physical Processes 
in Mechanics and Thermal Sciences
A Series of Reference Books and Textbooks

Series Editors

W. J. Minkowycz
Mechanical and Industrial Engineering

University of Illinois at Chicago
Chicago, Illinois

E. M. Sparrow
Mechanical Engineering

University of Minnesota, Twin Cities
Minneapolis, Minnesota

 

Computational Fluid Mechanics and Heat Transfer, Third Edition, Richard Pletcher, 
John C. Tannehill, and Dale Anderson

Computer Methods for Engineering with MATLAB® Applications, Second Edition, 
Yogesh Jaluria

Numerical Heat Transfer and Fluid Flow, Suhas V. Patankar

Heat Conduction Using Green’s Functions, Second Edition, Kevin D. Cole, James V. Beck, 
A. Haji-Sheikh, and Bahman Litkouhi  

Numerical Heat Transfer, T.M. Shih  

Finite Element Analysis in Heat Transfer, Gianni Comini, Stefano Del Guidice, 
and Carlo Nonino

Computer Methods for Engineers, Yogesh Jaluria

Computational Grids, Graham F. Casey

Modern Computational Methods, Herbert A. Konig

The Intermediate Finite Element Method: Fluid Flow and Heat Transfer Applications,  
Juan C. Henrich and Darrell W. Pepper

Modeling and Dynamics of Regenerative Heat Transfer, A. John Willmott

Computational Heat Transfer, Second Edition, Yogesh Jaluria and Kenneth Torrance

The Finite Element Method: Basic Concepts and Applications, Second Edition,  
Darrell W. Pepper and Juan C. Heinrich

Computational Methods in Heat and Mass Transfer, Pradip Majumdar



CRC Press is an imprint of the
Taylor & Francis Group, an informa business

Boca Raton   London   New York

Computational  
Fluid Mechanics  

and Heat Transfer

series in computational and physical processes 
in mechanics and thermal sciences

Richard H. Pletcher
John C. Tannehill
Dale A. Anderson

T H I R D  E D I T I O N



MATLAB® and Simulink® are trademarks of The MathWorks, Inc. and are used with permission. The MathWorks does 
not warrant the accuracy of the text or exercises in this book. This book’s use or discussion of MATLAB® and Simulink® 
software or related products does not constitute endorsement or sponsorship by The MathWorks of a particular peda-
gogical approach or particular use of the MATLAB® and Simulink® software.

CRC Press
Taylor & Francis Group
6000 Broken Sound Parkway NW, Suite 300
Boca Raton, FL 33487-2742

© 2013 by Taylor & Francis Group, LLC
CRC Press is an imprint of Taylor & Francis Group, an Informa business

No claim to original U.S. Government works
Version Date: 20120817

International Standard Book Number-13: 978-1-4665-7830-2 (eBook - PDF)

This book contains information obtained from authentic and highly regarded sources. Reasonable efforts have been 
made to publish reliable data and information, but the author and publisher cannot assume responsibility for the valid-
ity of all materials or the consequences of their use. The authors and publishers have attempted to trace the copyright 
holders of all material reproduced in this publication and apologize to copyright holders if permission to publish in this 
form has not been obtained. If any copyright material has not been acknowledged please write and let us know so we may 
rectify in any future reprint.

Except as permitted under U.S. Copyright Law, no part of this book may be reprinted, reproduced, transmitted, or uti-
lized in any form by any electronic, mechanical, or other means, now known or hereafter invented, including photocopy-
ing, microfilming, and recording, or in any information storage or retrieval system, without written permission from the 
publishers.

For permission to photocopy or use material electronically from this work, please access www.copyright.com (http://
www.copyright.com/) or contact the Copyright Clearance Center, Inc. (CCC), 222 Rosewood Drive, Danvers, MA 01923, 
978-750-8400. CCC is a not-for-profit organization that provides licenses and registration for a variety of users. For 
organizations that have been granted a photocopy license by the CCC, a separate system of payment has been arranged.

Trademark Notice: Product or corporate names may be trademarks or registered trademarks, and are used only for 
identification and explanation without intent to infringe.

Visit the Taylor & Francis Web site at
http://www.taylorandfrancis.com

and the CRC Press Web site at
http://www.crcpress.com



v

Contents
Preface to the Third Edition .......................................................................................................... xiii
Preface to the Second Edition ..........................................................................................................xv
Preface to the First Edition ............................................................................................................xvii
Authors ............................................................................................................................................xix

Part I Fundamentals

Chapter 1 Introduction ..................................................................................................................3

1.1 General Remarks ...............................................................................................3
1.2  Comparison of Experimental, Theoretical, and Computational Approaches ...5
1.3 Historical Perspective ........................................................................................9

Chapter 2 Partial Differential Equations .................................................................................... 13

2.1 Introduction ..................................................................................................... 13
2.1.1 Partial Differential Equations ............................................................ 13

2.2 Physical Classification ..................................................................................... 14
2.2.1 Equilibrium Problems ........................................................................ 14
2.2.2 Eigenvalue Problems .......................................................................... 17
2.2.3 Marching Problems ............................................................................ 17

2.3 Mathematical Classification ............................................................................20
2.3.1 Hyperbolic PDEs ................................................................................23
2.3.2 Parabolic PDEs ...................................................................................27
2.3.3 Elliptic PDEs ......................................................................................29

2.4 Well-Posed Problem ........................................................................................30
2.5 Systems of Partial Differential Equations ....................................................... 32
2.6 Other PDEs of Interest..................................................................................... 37
Problems ..................................................................................................................... 38

Chapter 3 Basics of Discretization Methods ............................................................................... 43

3.1 Introduction ..................................................................................................... 43
3.2 Finite Differences ............................................................................................ 43
3.3 Difference Representation of Partial Differential Equations ..........................50

3.3.1 Truncation Error .................................................................................50
3.3.2 Round-Off and Discretization Errors ................................................. 51
3.3.3 Consistency ........................................................................................ 52
3.3.4 Stability .............................................................................................. 52
3.3.5 Convergence for Marching Problems ................................................. 53
3.3.6 Comment on Equilibrium Problems .................................................. 53
3.3.7 Conservation Form and Conservative Property .................................54

3.4  Further Examples of Methods for Obtaining Finite-Difference Equations ....56
3.4.1 Use of Taylor Series ............................................................................56



vi Contents

3.4.2 Use of Polynomial Fitting ..................................................................60
3.4.3 Integral Method ..................................................................................64

3.5 Finite-Volume Method .....................................................................................66
3.6 Introduction to the Use of Irregular Meshes ................................................... 76

3.6.1 Irregular Mesh due to Shape of a Boundary ...................................... 76
3.6.2 Irregular Mesh Not Caused by Shape of a Boundary ........................ 81
3.6.3 Concluding Remarks .......................................................................... 82

3.7 Stability Considerations ................................................................................... 82
3.7.1 Fourier or von Neumann Analysis ..................................................... 83
3.7.2 Stability Analysis for Systems of Equations ......................................90

Problems .....................................................................................................................95

Chapter 4 Application of Numerical Methods to Selected Model Equations ........................... 103

4.1 Wave Equation ............................................................................................... 103
4.1.1 Euler Explicit Methods ..................................................................... 104
4.1.2 Upstream (First-Order Upwind or Windward) Differencing 

Method ............................................................................................. 104
4.1.3 Lax Method ...................................................................................... 113
4.1.4 Euler Implicit Method ...................................................................... 114
4.1.5 Leap Frog Method ............................................................................ 116
4.1.6 Lax–Wendroff Method ..................................................................... 117
4.1.7 Two-Step Lax–Wendroff Method ..................................................... 119
4.1.8 MacCormack Method ....................................................................... 119
4.1.9 Second-Order Upwind Method ........................................................ 120
4.1.10 Time-Centered Implicit Method (Trapezoidal Differencing 

Method) ............................................................................................ 121
4.1.11 Rusanov (Burstein–Mirin) Method .................................................. 122
4.1.12 Warming–Kutler–Lomax Method ....................................................124
4.1.13 Runge–Kutta Methods .....................................................................124
4.1.14 Additional Comments ...................................................................... 126

4.2 Heat Equation ................................................................................................ 126
4.2.1 Simple Explicit Method .................................................................... 127
4.2.2 Richardson’s Method ........................................................................ 130
4.2.3 Simple Implicit (Laasonen) Method ................................................. 130
4.2.4 Crank–Nicolson Method .................................................................. 131
4.2.5 Combined Method A ........................................................................ 131
4.2.6 Combined Method B ........................................................................ 132
4.2.7 DuFort–Frankel Method .................................................................. 133
4.2.8 Keller Box and Modified Box Methods ........................................... 133
4.2.9 Methods for the Two-Dimensional Heat Equation ........................... 137
4.2.10 ADI Methods .................................................................................... 139
4.2.11 Splitting or Fractional-Step Methods ............................................... 141
4.2.12 ADE Methods ................................................................................... 142
4.2.13 Hopscotch Method ........................................................................... 143
4.2.14 Additional Comments ...................................................................... 144

4.3 Laplace’s Equation ......................................................................................... 144
4.3.1 Finite-Difference Representations for Laplace’s Equation .............. 144

4.3.1.1 Five-Point Formula ........................................................... 144



viiContents

4.3.1.2 Nine-Point Formula .......................................................... 145
4.3.1.3 Residual Form of the Difference Equations ..................... 145

4.3.2 Simple Example for Laplace’s Equation .......................................... 146
4.3.3 Direct Methods for Solving Systems of Linear Algebraic 

Equations .......................................................................................... 147
4.3.3.1 Cramer’s Rule ................................................................... 147
4.3.3.2 Gaussian Elimination ....................................................... 148
4.3.3.3 Thomas Algorithm............................................................ 150
4.3.3.4 Advanced Direct Methods ................................................ 151

4.3.4 Iterative Methods for Solving Systems of Linear Algebraic 
Equations .......................................................................................... 152
4.3.4.1 Gauss–Seidel Iteration ...................................................... 152
4.3.4.2 Sufficient Condition for Convergence 

of the Gauss–Seidel Procedure ......................................... 154
4.3.4.3 Successive Overrelaxation ................................................ 155
4.3.4.4 Coloring Schemes ............................................................. 156
4.3.4.5 Block-Iterative Methods .................................................... 158
4.3.4.6 SOR by Lines .................................................................... 158
4.3.4.7 ADI Methods .................................................................... 159
4.3.4.8 Strongly Implicit Methods ................................................ 161
4.3.4.9 Krylov Subspace Methods ................................................ 162

4.3.5 Multigrid Method ............................................................................. 166
4.3.5.1 Example Using Multigrid ................................................. 170
4.3.5.2 Multigrid for Nonlinear Equations ................................... 173

4.4 Burgers’ Equation (Inviscid) ......................................................................... 175
4.4.1 Lax Method ...................................................................................... 179
4.4.2 Lax–Wendroff Method ..................................................................... 182
4.4.3 MacCormack Method ....................................................................... 184
4.4.4 Rusanov (Burstein–Mirin) Method .................................................. 185
4.4.5 Warming–Kutler–Lomax Method .................................................... 186
4.4.6 Tuned Third-Order Methods ............................................................ 188
4.4.7 Implicit Methods .............................................................................. 189
4.4.8 Godunov Scheme ............................................................................. 192
4.4.9 Roe Scheme ...................................................................................... 194
4.4.10 Enquist–Osher Scheme .................................................................... 198
4.4.11 Higher-Order Upwind Schemes .......................................................200
4.4.12 TVD Schemes ..................................................................................203

4.5 Burgers’ Equation (Viscous).......................................................................... 213
4.5.1 FTCS Method ................................................................................... 216
4.5.2 Leap Frog/DuFort–Frankel Method ................................................ 221
4.5.3 Brailovskaya Method ........................................................................ 221
4.5.4 Allen–Cheng Method ....................................................................... 222
4.5.5 Lax–Wendroff Method ..................................................................... 223
4.5.6 MacCormack Method ....................................................................... 223
4.5.7 Briley–McDonald Method ...............................................................224
4.5.8 Time-Split MacCormack Method ....................................................226
4.5.9 ADI Methods .................................................................................... 227
4.5.10 Predictor–Corrector, Multiple-Iteration Method ..............................228
4.5.11 Roe Method ...................................................................................... 229

4.6 Concluding Remarks .....................................................................................230
Problems ...................................................................................................................230



viii Contents

Part II  application of Numerical Methods to the Equations 
of Fluid Mechanics and Heat transfer

Chapter 5 Governing Equations of Fluid Mechanics and Heat Transfer .................................. 247

5.1 Fundamental Equations ................................................................................. 247
5.1.1 Continuity Equation .........................................................................248
5.1.2 Momentum Equation ........................................................................249
5.1.3 Energy Equation ............................................................................... 252
5.1.4 Equation of State ..............................................................................254
5.1.5 Chemically Reacting Flows .............................................................256
5.1.6 Magnetohydrodynamic Flows ..........................................................260
5.1.7 Vector Form of Equations ................................................................ 262
5.1.8 Nondimensional Form of Equations ................................................ 263
5.1.9 Orthogonal Curvilinear Coordinates ...............................................266

5.2 Averaged Equations for Turbulent Flows ...................................................... 270
5.2.1 Background ...................................................................................... 270
5.2.2 Reynolds Averaged Navier–Stokes Equations ................................. 272
5.2.3 Reynolds Form of the Continuity Equation ..................................... 273
5.2.4 Reynolds Form of the Momentum Equations .................................. 274
5.2.5 Reynolds Form of the Energy Equation ........................................... 276
5.2.6 Comments on the Reynolds Equations ............................................. 278
5.2.7 Filtered Navier–Stokes Equations for Large-Eddy Simulation ........280

5.3 Boundary-Layer Equations ............................................................................ 282
5.3.1 Background ...................................................................................... 282
5.3.2 Boundary-Layer Approximation for Steady Incompressible Flow ....... 283
5.3.3 Boundary-Layer Equations for Compressible Flow ......................... 291

5.4 Introduction to Turbulence Modeling ............................................................294
5.4.1 Background ......................................................................................294
5.4.2 Modeling Terminology ..................................................................... 295
5.4.3 Simple Algebraic or Zero-Equation Models ....................................296
5.4.4 One-Half-Equation Models ..............................................................302
5.4.5 One-Equation Models ......................................................................304
5.4.6 One-and-One-Half- and Two-Equation Models ...............................306
5.4.7 Reynolds Stress Models ...................................................................309
5.4.8 Subgrid-Scale Models for Large-Eddy Simulation .......................... 313
5.4.9 Comments on the Implementation of DES ...................................... 314
5.4.10 Closing Comment on Turbulence Modeling .................................... 314

5.5 Euler Equations ............................................................................................. 315
5.5.1 Continuity Equation ......................................................................... 315
5.5.2 Inviscid Momentum Equations ........................................................ 316
5.5.3 Inviscid Energy Equations ............................................................... 319
5.5.4 Additional Equations ........................................................................ 320
5.5.5 Vector Form of Euler Equations ....................................................... 323
5.5.6 Quasi-One-Dimensional Form of the Euler Equations .................... 323

5.5.6.1 Conservation of Mass ....................................................... 323
5.5.6.2 Conservation of Momentum .............................................324
5.5.6.3 Conservation of Energy .................................................... 324

5.5.7 Simplified Forms of Euler Equations ............................................... 325
5.5.8 Shock Equations ............................................................................... 327


