DAI HOC THAI NGUYEN
TRUONG PAI HQC SU PHAM

BUI THI HAU

PINH LY CANTOR VA PINH LY PIEM BAT PONG
TRONG KHONG GIAN 2- METRIC

LUAN VAN THAC ST TOAN HQC

THAI NGUYEN - 2015




DAI HOC THAI NGUYEN
TRUONG PAI HOC SU PHAM

BUI THI HAU

PINH LY CANTOR VA PINH LY PIEM BAT PONG
TRONG KHONG GIAN 2- METRIC

Chuyén nganh: Toan gidi tich

M3i s6: 60.46.01.02

LUAN VAN THAC ST TOAN HQC

Nguoi hwéng din khoa hoc: PGS.TS. Ha Tran Phwong

THAI NGUYEN - 2015




LOI CAM DOAN

T6i cam doan day la cong trinh dugc trinh bay theo nhan thic caa riéng
t6i. Cac két qua néu trong luan van, tai liéu tham khao va noi dung trich dan
dam bao tinh trung thuc chinh xac.

Théi Nguyén, thang 10 nam 2015

Tac gia

Bui Thi Hau
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Dé hoan thanh luan vin ndy toi xin bay to 10ng biét on sau sic t6i PGS.
TS. Ha Tran Phwong. Nguoi thdy dd danh rat nhiéu tim huyét va thoi gian
quy bau dé huéng dan tan tinh chi bao, giup d& dong vién t6i trong sudt qué
trinh nghién ctru va hoan thanh luan van.

T61 xin tran trong cdm on Ban Gidm hi€u, khoa Toan cung toan thé céc
thay co gido truong PHSP Thai Nguyén, Vién Toan hoc va Truong Pai hoc Su
pham Ha Noi da truyén thu cho t6i nhiing kién thirc quan trong, tao diéu kién
thuan loi va cho t6i nhitng y kién dong gop quy bau trong sudt qua trinh hoc tap
va thuc hién luan van.

To1 xin tran trong cdm on S& Gido Duyc dao tao Hoa Binh, truong THPT
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Théi Nguyén, thang 10 nam 2015

Tac gia luan van

Bui Thi Hau
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Mé& dau

Khoéng gian 2-metric da dugc xay dung bdi Gahler trong mot loat cac
bai bao (xem [4], [5], [6]). Khong gian nay c¢6 mot ciu tric phi tuyén kha
doc dao va khac la v6i cac khong gian metric thong thuong, do dé né thu
hit duge sy nghién citu ctia nhiéu téc gid khac nhau. Trong [4], Gahler da
chi ra mot cach tuong minh mot co sé ctia khong gian topod duge xay dung
ti khong gian 2—metric va nghién cttu mot s6 tinh chat ciia khong gian
nay. Tuy nhién cac tinh chat d6 vAn con kha don gidn. Nam 1969, Gahler
va White (xem, [20]) d& mé rong khai niém khong gian 2-Banach, trong d6
White da thiét lap dinh 1y Hahn-Banach trong khong gian 2-Banach. Dinh
ly Banach-Steinhaus ciing ding trong khong gian 2-Banach (xem [11]). Gan
day Lahiri. B. K, Das. P, Dey. L. K ([12]) da nghién cttu can than hon mot
s6 tinh chit ctia khong gian 2—metric vé dinh 1y kiéu Cantor, Baire cho
khong gian 2-metric.

Ciing giébng nhu trong cac khong gian khéc, 1y thuyét cac diém bat dong
clia cac anh xa ciing da dudc phat trién trong khong gian 2-metric. Nam
1976, Iseki. P ([8]) da thu dugc két qua co ban dau tién vé diem bat dong
cho céc anh xa gitta cac khong gian 2-metric, tiép theo 6ng da nghién citu
cac dang dinh 1y d6 cho khong gian 2-Banach (xem [8], [9]). Sau cac két qua
ctia Iseki, mot s6 tac gia da md rong va khai quat hoa cac dinh ly diém bat
dong trong khong gian 2-metric va khong gian 2-Banach vdéi nhiéu loai anh
xa khac nhau (xem [7], [9], [13], [14], [15], [17], [19]). Trong [12], cac tac gia
da st dung cac dinh 1y kiéu Cantor dé dua ra mot dang dinh 1y diém bat
dong xem nhu 1a ing dung cta dinh 1y ndy. Ngoai ra con c6 nhiéu tac gia
khac nghién cttu vé cac dang dinh 1y diém bat dong ctia anh xa trén khong

glan 2-metric.
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V6i mong mudn tim hiéu vé khong gian 2-metric va nghién citu cac dang
dinh 1y diém bat dong ctia anh xa trén cac khong gian 2-metric, chiing t6i
chon dé tai Nguyén 1y Cantor va mot sé6 dinh ly diém bat dong
trong khong gian 2-metric. Muc dich chinh cta luan van la giéi thiéu
cac kién thiic co ban ctia khong gian 2-metric, chitng minh lai cac dinh 1y
Cantor, Baire da dugc Lahiri. B. K, Das. P, Dey. L. K cong b6 trong [12].
Ngoai ra, luan vin ciing giéi thiéu mot sé6 dang dinh 1y diém bat dong dugc
chitng minh béi Lahiri. B. K, Das. P, Dey. L. K (|12]), Lai. S. N, Singh. A.
K ([10]) va Dey. M, Saha. M ([1],[18]).

Luan vin chia thanh hai chuong, Chuong 1 gi6i thiéu vé khong gian 2-
metric va chiing minh nguyén 1y Cantor, Baire. Trong Chuong 2, chiing t6i
sé chitng minh moét sé6 dang dinh 1y diém bat dong ctia anh xa trén 16p

khong gian nay.



Chuong 1

Nguyén ly Cantor trong khong gian

2—metric

1.1. Khoéng gian 2—metric

1.1.1. Su hdi tu trong khong gian 2—metric
Dinh nghia va vi du
Dinh nghia 1.1. Cho X 1a mot tap khac rong, trong luan van nay ta luoén
gia thiét X 13 mot tap vo han. Mot anh xa
c: X XXXxX—=R

théa man cac diéu kién sau:

(i) V6i méi cap diém phan biét a,b ton tai mot diem ¢ € X sao cho

o(a,b,c) #0;

(ii) o(a,b,c) = 0 néu hai trong ba diém la tring nhau;

(iii) o(a,b,c) = o(a,c,b) = (b, c,a) véi moi a, b, c € X;

(iv) o(a,b,c) < o(a,b,d) + o(a,d,c) + o(d,b,c) v6i moi a,b,c va d € X.
Khi d6 o duge goi 1a 2-metric trén X.

Ta dé dang nhan thiy rang o 13 mot ham khong am. Hon niia, v6i moi

a,b,c € X, v6i moi hoan vi (ay, by, c1) cua (a,b,c) ta luon c6

o(ay,b1,¢1) = o(a,b,c).
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Cip (X, 0), trong d6 X # (), 0 12 mot 2—metric tréen X duge goi 1a
khong gian 2-metric. Doi khi khong gian 2-metric (X, o) duge ki hiéu ngin
gon 13 X néu khong nham lan.

Méi a € X dugc goi 1a mot phan tit hay mot diém, o(a, b, c) duge goi la
2-metric gitta 3 phan tit a, b, c.

Vi du 1.1. Cho X = R?, v6i mdi z,y,2 € X, dit o(x,y, 2) 1a dién tich
tam giac c6 ba dinh 1a x,y, z. Khi d6, o sé 1a mot 2—metric trén R? v
(R?, o) 1a mot khong gian 2—metric.

Nhan xét 1.1. Cho (X, 0) la mét khong gian 2—metric, a,b € X, néu
o(z,y,2) = 0 véi moi 2 € X thi v = y. Diéu nay la hién nhién vi néu
x # y thi theo dieu kién (i) sé ton tai z € X sao cho o(x,y,z) # 0.

Khoéng gian con

Cho (X, o) la mot khong gian 2—metric, M C X. Dat

oM = O|MxMxM-
Khi d6 néu oy 1a mot 2—metric trén M thi (M, oyy) goi 1a khong gian con
cta khong gian 2—metric (X, o). o)y dudge goi 1a 2—metric cAm sinh bdi o
trén M.
Chii § 1.1.

1. Ta c6 thé trang bi cho M nhing 2—metric khdc dé M trd thanh khong
gian 2—metric, tuy nhién trong truong hop nay M khong la khong gian con
cua X.

2. Déi vdi truong hop khong gian metric (X, d) va M C X thi d|yr«pr luon
la mot metric tréen M. Tuy nhién, truong hop khong gian 2—metric (X, o)
thi chua chidc oy = o|prxarxy da la 2—metric trén M. Ta cé thé chi ra
vi du cu thé la khong gian 2—metric (R2, o) trong Vi du 1.1 vdi viéc chon
M =R x {0}.

Sy hoi tu trong khéng gian 2-metric

Cho (X, 0) 1a mot khong gian 2-metric va {x,} 1a mot day céc phan tu

cua X.
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Dinh nghia 1.2. Day {z,} trong (X, o) dugc goi l1a hoi tu vé z € X néu
véi bat ky a € X,
o(xn, x,a) — 0 khi n — oo.

Ta viét x,, — = khi n — oo hodc lim z,, = x.
n—oo

Meénh dé 1.2. Trong khong gian 2—metric (X,0), gidi han cia mot day

neu co la duy nhat.

Chitng minh. . Gia st lim z, = a, lim z,, = b trong X . Khi d6, v6i moi
X n—o0 n—0o0
z e X,

o(a,b,z) < o(a,b,z,) +o(a,x,,2)+ o(x,, b, 2)

v6i moi n. Cho n — oo ta ¢6 o(a,b,z) = 0. Tt Nhan xét 1.1 kéo theo
a = b. Ménh dé dugc chiing minh. ]
Meénh dé 1.3. ([12]) Cho {y,} la mot day trong khong gian 2—metric
(X,0). Vdiméia € X, dat o,(a) = 0(Yn, Yni1,a). Gid st rang o, (ym) = 0
vdi moi s6 nguyén khong am m,n véi n > m. Khi dé o(y;,yj,yx) = 0 vdi
moi bo cdc s6 nguyén khong am 1, j, k.
Chitng minh. . Khong mat tinh tong quat, ta c6 thé gia thiét & < i < J.
Do néu k = i hodic ¢ = j thi o(y;, y;, yx) = 0. Ta xét truong hop k < i < j.

Dit j =i+ p, trong d6 p > 1. Ta ching minh o(y;, y;, yx) = 0 bang quy
nap theo p.

V6i p = 1, dang thic hién nhién dang theo gia thiét. Gia st ding thic

ding véi p, ta c6

(Y Yitp+1, Uk) < OWis Yitp 15 Yikp) + Wi Yikps Yi) + 0 (Yitps Yisp+15 Yk)

theo gia thiét quy nap. Vay khing dinh ding véi p+ 1, tic 14 ding v6i moi
P. []

1.1.2. Toépo6 trén khong gian 2-metric

Cho (X, o) la mot khong gian 2-metric.



