The Boundary
Element Method

for Plate Analysis

John T. Katsikadelis




The Boundary
Element Method for
Plate Analysis



The Boundary
Element Method for
Plate Analysis

by
John T Katsikadelis

National Technical University of Athens, Athens, Greece

AMSTERDAM + BOSTON « HEIDELBERG * LONDON
R NEW YORK « OXFORD -« PARIS « SAN DIEGO
SAN FRANCISCO ¢ SINGAPORE * SYDNEY « TOKYO

. S
ELSEVIER Academsic Pres is an mprin of levir



Academic Press is an imprint of Elsevier

The Boulevard, Langford Lane, Kidlington, Oxford OX5 1GB, UK
225 Wyman Street, Waltham, MA 02451, USA

Radarweg 29, PO Box 211, 1000 AE Amsterdam, The Netherlands
525 B Street, Suite 1800, San Diego, CA 92101-4495, USA

Copyright © 2014 John T. Katsikadelis. Published by Elsevier Inc. All rights reserved.

No part of this publication may be reproduced, stored in a retrieval system or transmitted
in any form or by any means electronic, mechanical, photocopying, recording or otherwise
without the prior written permission of the publisher

Permissions may be sought directly from Elsevier’s Science & Technology Rights
Department in Oxford, UK: phone (+44) (0) 1865 843830; fax (+44) (0) 1865 853333;
email: permissions@elsevier.com. Alternatively you can submit your request online by
visiting the Elsevier web site at http://elsevier.com/locate/permissions, and selecting
Obtaining permission to use Elsevier material

Notice

No responsibility is assumed by the publisher for any injury and/or damage to persons or property as
a matter of products liability, negligence or otherwise, or from any use or operation of any methods,
products, instructions or ideas contained in the material herein. Because of rapid advances in the
medical sciences, in particular, independent verification of diagnoses and drug dosages should

be made

British Library Cataloguing in Publication Data
A catalogue record for this book is available from the British Library

Library of Congress Catalog Number
A catalog record for this book is available from the Library of Congress

ISBN-13: 978-0-12-416739-1

For information on all Academic Press publications
visit our website at http://store.elsevier.com/

Printed and bound in the United States of America

14 15 16 17 18 10 9 8 7 6 5 4 3 2 1

aa Working together
to grow libraries in

ELSEVIER Internatlonal deVelOplng countries

www.elsevier.com ¢ www.bookaid.org


mailto:permissions@elsevier.com
http://elsevier.com/locate/permissions
http://store.elsevier.com/

To my wife Efi for her loving patience and support



vi

Contents

FOreWOrd...........c.coooiiiiiiiiiiiiecceeee et viii
Preface........coooomiiiiiee ettt xi
1 Preliminary Mathematical Knowledge ................cccoociiiniinininnnnen. 1
1.1 INtrOdUCHION......eiuiiieiiieniiiieteteerieet ettt 1
1.2 Gauss-Green Theorem ..........cocevevirieciinininieieiineneceeeercre e 2
1.3 Divergence Theorem of Gauss.......cccecuereririeiienieneneeieiesieseeeeeenieee 3
1.4 Green’s Second IAentity .......cccevererierieneninieieiereneetete e 4
1.5 AdjOINt OPEIatOr....c.cevueruerieienienienieeteienteneeeieetetesee st et eatesee s saee e esenes 5
1.6 Dirac Delta FUNCHON ......cocevieiiinienirieienienieeteteieeeseetere e 6
1.7 Calculus of Variations; Euler-Lagrange Equation.............cccceecueeeenne 11
1.8 RETEIEICES. ..ceuuieiieiieiieiieetee ettt ettt 18
PrODICINS ..ottt et 19
2 BEM for Plate Bending Analysis...........cccoccevviiniinciieniienienieeseeene, 21
2.1 INrOAUCHION.....c.eiiiiiiiiiieiiientee ettt ne e 22
2.2 Thin Plate TheOoTY .......cccceviereririeieienereeeeteresieet ettt 23
2.3 Direct BEM for the Plate Equation.........cccccceverenieiienieninencenieneenene 40
2.4 Numerical Solution of the Boundary Integral Equations..................... 61
2.5 PLBECON Program for Solving the Plate Equation with
Constant Boundary Elements ...........ccccovievirniinienienierceceeeeeene 72
2.6 EXAMPIES..c..eriiiiiiiiiieieieeneeecteee ettt 79
2.7 REEICIICES ...ttt 109
Problems .......cceviviiiiiiiiiiece e 110
3 BEM for Other Plate Problems..............ccccococeninininininnncncnnene 113
3.1 INrOdUCHION. ....cceiuiriiieiieiiicieiseeetreeteere et 114
3.2 Principle of the Analog EQUation..........ccccceeeerienieniineenienieneeneene 115
3.3 Plate Bending Under Combined Transverse and Membrane
Loads; BUCKIING......coiiiieiiiieieieteee ettt 118
3.4 Plates on Elastic Foundation ..........cccccceeevenieenienineninencenicneneeene 141
3.5 Large Deflections of Thin Plates ..........ccceeierviniiniiniiniinienieneee 152
3.6 Plates with Variable Thickness ..........ccoccecevvievievineninenninicnencnenne. 166
3.7 ThiCK PLAes ....cceoviviiiiiiinieieiriiectrieeteeeeee ettt 177
3.8 AnISOroPiC Plates.......ccerieiiriirieriiriiieieneneeteteesteeeeee e 187
3.9 Thick AniSOtropic PIates .........ccceeervieiieneninenieierieniceeeeeee e 196
3.10 REfOIENCES. ...ccuiiiieiieiieiieiieteeet ettt ettt 203
PrODICINS ..ottt ettt 207



Contents vii

BEM for Dynamic Analysis of Plates.............cc.ccoeovvviinciinniennnnnns 211
4.1 Direct BEM for the Dynamic Plate Problem...........ccccoceveninincennene 212
4.2 AEM for the Dynamic Plate Problem.........ccccoocevireniinnienencncncenene 217
4.3 Vibrations of Thin Anisotropic Plates ........c..ccccevereneriieiienenencnenns 237
4.4 ViscoelastiC Plates .......cocuevirieriririienienienieneetetese et 241
4.5 RELETENCES ....eutenveiiiiriieieiesteeit ettt ettt sbe ettt ebe e 251
PIODICIIS ...oneiiiiieieeieetet ettt sttt 253
BEM for Large Deflection Analysis of Membranes...................... 257
5.1 INErOAUCHION.....couiiiiiiiiiieee ettt sttt 257
5.2 Static Analysis of Elastic Membranes ..........cccccceceeveeeneeneenieneeneenne 259
5.3 Dynamic Analysis of Elastic Membranes...........ccocceceeceeveeneneneenenne 270
5.4 Viscoelastic MembBIanes..........ccccevuereriereeiesienieneneeteteseeseee e 275
5.7 RETEICIICES ...ccuvinieriiieiieieiesieeiteteteste ettt sttt s 283
PrODICIIS ..ottt ettt sttt 285

Appendix A: Derivatives of r and Kernels, Particular Solutions

and Tangential Derivatives............cccccccoeevrrvienviniiienieennne 287
Appendix B: Gauss Integration..............ccccccoeeviiviiniiniiiiinieneenieeeeniee 297
Appendix C: Numerical Integration of the Equations of Motion ......... 313
IIAEX ...ttt sttt 325

Companion Website for this book: http://booksite.elsevier.com/9780124167391


http://booksite.elsevier.com/9780124167391

viii

Foreword

At first glance this book may appear to describe yet another highly specialised
method applied to the solution of plate problems, namely the one the author calls
Analog Equation Method (AEM). Nothing could be further from the truth.
Professor Katsikadelis has instead presented for the first time a generalised
and consistent BEM for all types of plate analysis. This has been possible only
because of his brilliant interpretation of the principle of virtual work.

The first two introductory chapters set the basis for the subsequent
treatment.

After having set up the basic principles of boundary elements (BEM) in an
elegant and consistent manner in the first chapter, the reader acquires the nec-
essary knowledge to understand how these principles can be employed in sub-
sequent chapters to solve many different problems.

This basic theory is then used to formulate the direct BEM for the analysis of
thin plates. The benefits of having previously described the fundamentals of the
method in a clear manner then become evident. Once the basic integral equa-
tions are derived, the author then demonstrates how they can be applied to write
a computer programme, which results are validated through a series of
comparisons.

The beauty of the approach followed by the author is that it describes how
the mathematical process gives rise to equations which can be reduced to com-
putational form for solving realistic engineering problems.

The above introductory chapters, important as they are, pale into insignifi-
cance in comparison with the rest of the book, where a series of most novel con-
cepts are described. The author starts by describing the analysis of plates under
membrane and bending forces, which leads to the equations governing buckling,
large deflections and post buckling of plates. Important as these cases are, the
most significant aspect is that they are solved using an original methodology
based on the author’s Analog Equation Method, which leads to the full analysis
of a wide range of plate problems [1,2].

Few developments in Boundary Elements have been as significant as this
idea of Professor Katsikadelis’ and, as with all truly original ideas, it is striking
in its simplicity and elegance.

To understand the AEM properly we have to refer to the basic idea behind
the principle of virtual work as defined by Aristotle who stated that the behav-
iour of physical systems could be expressed in terms of “potentiality” and “actu-
ality”. In other words, Aristotle set up the principle of virtual “potentialities” or
what we now call the principle of virtual work. While an “actual” field function
is to satisfy the equations giving the problem, a “virtual” function can be more
general. Usually we assume that the virtual function satisfies the same equation
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as those governing the actual field, or sometimes a reduced version of those
equations as in the case of the Dual Reciprocity Method [3]. Professor Katsida-
delis instead gave a much wider interpretation to the virtual functions — one that
would have pleased Aristotle — by stating that they do not necessarily need to
satisfy the same type of governing equations of the actual problem, provided
that they have the necessary degree of continuity (in the case of plate bending
fourth order for instance).

The resulting Method (AEM) when combined with the use of the localised
particular solutions proposed by the Dual Reciprocity Method, opens up a huge
range of possibilities to Boundary Elements, some of which are presented in
this book.

The part dealing with the time and non-linear analysis of plates for instance
leads to a series of original formulations based on the AEM. The possibility of
solving problems with membrane as well as bending forces can now be fully
exploited for cases like dynamic buckling, including flutter instability and a
series of applications of fundamental importance in aerospace engineering
for instance. Extensions to the case of membranes, non linear materials and
large deformations follow effortlessly.

Throughout the book the reader will find a clarity of exposition and consis-
tency which allows the progression from simple to more complex problems in a
stepwise fashion. This results in obtaining a full comprehension of the basic
principles and how they are applied to obtain practical solutions in a way that
is frequently missing in the current engineering sciences literature.

The fact that this book centres on the concept of the AEM developed by the
author does not imply any restrictions as the AEM can be interpreted to be the
most general version of the principle of virtual work developments ever pre-
sented in science and engineering.

Professor Katsikadelis’ Method effortlessly transforms a series of complex
problems into alternative problems which can be solved in BEM form using
simple fundamental solutions.

An added advantage of the AEM is that it allows for the solution of a given
set of problems, in the case of plates for instance, using the same type of com-
puter programme. This generality will allow boundary elements to become
more widely used for plates and shells, types of problems for which the method
still lags behind the less accurate but more versatile finite element method.

Those interested in knowing more about the many contributions of Professor
Katsikadelis to the solution of a wide variety of engineering problems and the
development of many different ideas, ought to refer to my own appraisal of his
work in reference [4]. It was while compiling that paper that I came to fully
appreciate his work, including his many contributions to the analysis of plates.

The contents of the present book represent without doubt, a major develop-
ment in engineering sciences.

Carlos A. Brebbia
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