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MO PAU
1. Ly do chon dé tai

Leonardo Pisano Bogollo (1170-1250), con dugc biét dén vai tén Leonardo
cua Pisa. Fibonacci 1a nha todn hoc ngudi Y tai ba nhat thoi Trung Cb.
Fibonacci da c¢6 cong giéi thiéu hé dém Hindu — A Rap ¢ Chau Au va dac
biét noi tiéng véi day sé mang tén Ong, ddy Fibonacci, vi Ong 1a ngudi dau
tién nghién ctru day sé nay trong cudn séch Liber Abbaci (sach vé tinh toan)
xuat ban nam 1202. Day Fibonacci la mot trong day s6 dep nhat trong toan
hoc. Day Fibonacci xuat hién trong nhiéu linh vuc cua tu nhién, voi rat
nhiéu tinh chat dep va tng dung quan trong. Mot trong nhitng phat trién
quan trong cua ddy Fibonacci 1a ddy Lucas. Sau Fibonacci, rat nhiéu céc
nha khoa hoc nghién ctu vé ddy Fibonaci: Cassini (1625-1712), Catalan
(1814-1894), Lucas (1842-1891), Binet (1857-1911), D’Ocagne (1862—
1938),...Va rat nhiéu hé thic cia diy Fibonacci da dugc mang tén cac nha
khoa hoc nay. Hién nay, tai liéu bang tiéng Viét vé ddy Fibonacci, day
Lucas va cac tng dung chua c6 nhiéu, mic du da c6 mot vai luan vin veé
day Fibonacci, tuy nhién van con nhiéu van dé thi vi cua ddy Fibonacci va
day Fibonacci suy rong chua duge dé cap. Vi vay viéc nghién ctu va phd

bién cac kién thirc vé dé tai nay, theo ching toi 1a thd vi va can thiét.
2. Muc dich nghién ciru

Tap hop va ching minh cac hé thic mai cho day Fibonacci va day Fibonacci

suy rong.

3. Bd cuc caa luin vin
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Ludn van Mgt sé hé thizc méi trong ddy Fibonacci suy réng gom hai chuong.
Chwong 1 Day Fibonacci suy rong

Chuong 1 trinh bay mét s6 kién thuc cua day Fibonacci, ddy Fibonacci suy

rong va mot sé day sé lién quan.
Chuwong 2 Mt sé hé thixc méi trong day Fibonacci suy réng

Chuong 2 tap hop va chirng minh céc hé thuc mai cho ddy Fibonacci va day

Fibonacci suy rong.
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Chuong I

DAY FIBONACCI SUY RONG

1.1 Phuong trinh sai phan tuyén tinh cap hai thuan nhat

DAy Fibonacci va cac day Fibonacci suy rong thuc chat chi 1a cac phuong trinh sai
phan tuyén tinh cap hai thuan nhat. Vi vay, muc nay trinh by céng thicc nghiém
cia phuong trinh sai phan tuyén tinh cap hai thuan nhat trong trudong hop hai
nghiém ctia phuong trinh dic trung c6 hai nghiém thuc phan biét. Kién thic nay 1a

du dé &p dung vao day Fibonacci va cac ddy Fibonacci suy rong.
1.1.1 Dinh nghia
Phwong trinh sai phdn tuyén tinh cdp hai thuan nhat 1a phuong trinh c6 dang
Au . +Bu +Cu_ =0, n=12,..., (1.1.1)
trong 46 A=0, B, C la nhiing hang sé.

1.1.2 Cong thirc nghiém ciia phwong trinh sai phan tuyén tinh cap hai thuan

nhat
Phuong trinh (1.1.1) c6 phuong trinh dac trung 1a

Al*+BA+C=0. (1.1.2)
Ménh dé 1.1 Gia sir phuong trinh (1.1.2) ¢6 hai nghiém o va B phan biéz. Khi dé
phuong trinh (1.1.1) co nghiém la

u =Ca"+C,pA", (1.1.3)

trong d6 C, va C, 1a nhitng sé bat ki, dwoc goi la cac hang sé tur do.
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Chirng minh. Vi « va £ la hai nghiém cta phuong trinh (1.1.2) nén

Aa’+Ba+C=0va Aa*+Ba+C =0.
Thay (1.1.3) vao phuong trinh (1.1.1) ta duogc:

Au,+Bu +Cu_ =ACa"™+ Cp™ +B Ca"+ C,p" +C Ca"'+ C,""
=Ca™ Ax*+Ba+C +C,B" AB*+BB+C =0 VC,C,

Vay (1.1.3) la nghiém ctaa phuong trinh (1.1.1).
Néu biét diéu kién ban dau u, va u, thi ta c6 thé tim duoc hai hang sb tu do C,va
C,, khi ay nghiém hoan toan dugc xac dinh.
Vi dul.1. Tim nghiém cia phuong trinh sai phan tuyén tinh cap hai thuan nhat

u,,=3u +28u_, (1.1.4)
v6i diéu kién ban dau u, =7, u, = —6.
Giai: Phuong trinh déc trung ctia phuong trinh (1.1.4) 1a

2 —3)-28=0a=7,B=—4
Vay nghiém tong quat ciia phuong trinh (1.1.4) la
u=C.7"+C, -4 ".

Véi n=0taco u,=C +C, hay C +C,=7.
Véi n=1taco u=C.7+C,. -4 hay 7C —4C,=-6.

C +C,=7

Glal he phuong trinh {701 -4C, =6

tadugc C =2; C,=5.

Vay nghiém cua phuong trinh (1.1.4) v6i diéu Kién ban dau u, =7, u,=—6 1a

Sé hoa bsi Trung tam Hoc liéu — PHTN http://www.lrc.tnu.edu.vn



u=27"+5 —-4"

1.2 Cac phwong trinh sai phan tuyén tinh cip hai thuin nhat dic biét
1.2.1 Day Fibonacci
1.2.1.1 Pinh nghia D&y Fibonacci la diy cho bai phuong trinh sai phan tuyén
tinh cap hai

u,-u-u.=0n=12,.., (1.2.1)
v6i diéu kién ban dau u, =0, u,=1.
Cong thuc (1.2.1) con c6 thé viét dudi dang

{ u,=u+u_,n=12..,

1.2.1.2 Cong thirc s6 hang tong quat caa day Fibonacci

Phuong trinh dic trung A°—A1-1=0 cua (1.2.1) cé nghiém la

1++/5 1-5
o=  B=— 2,
2 2

Cong thirc nghiém tong quat cia phuong trinh (1.2.1) 1a
u =Ca'+C,p",

trong 46 C, va C, la nhitng hing s tu do.

Véi u,=0, u =1taco

c_ 1 _ 1
C+C,=0; 'oa-p B
Ca+C,B=1 1 1

C,=- ———,
a-pf 5

Vay s6 hang tong quat caa ddy Fibonacci c6 cong thuc 1a
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Thatvay, véi n=1van=2 tacé:

L_a-B_1 1+J§_1—J§j=l LB _a-p
SNCRENG Q. 2 )7 BB

V61 n>3, theo dinh nghia day Fibonacci va theo qui nap ta co

Ta s€ chung minh u, =

a+f =1

an—l_ﬂn—l an—z _ﬂn—z B an~2 a+1 Ianz ﬁ+1

u=u_,+u _, = + =
n n-1 n-2 \/g \/g _\/g ,\/g
_ an—zaz ~ ﬂn—ZﬂZ _ an _ﬂn
VNGNS
Nhu vay, ddy u, ciing chinh la day Fibonacci F thoamédn F =0, F =1va
an _ﬂﬂ an _ﬁn
F = = :
V5 a-p

trong d6 «, B langhiém cia phuong trinh bac hai A*—-1-1=0.

Pé ton vinh Fibonacci, nguoi ta thuong ki hiéu diy Fibonacci dudi dang day
F .Tiu nay vé sau ta cling str dung ki hiéu F, cho day Fibonacci.

1.2.2 Day Lucas

1.2.2.1 Pinh nghia D3y Lucas la ddy duoc cho boi phwong trinh sai phan tuyén
tinh cap hai thuan nhat
u,-u-u.=0n=12.., (1.2.2)

v6i diéu kién ban dau u, =2, u,=1.
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Nhu vay, diy Lucas ciing ¢6 phuong trinh dic trung 1a 1> -4 -1=0, hoan toan
tring véi phuong trinh dic trung cua day Fibonacci. Hai ddy s6 nay chi khac nhau
& diéu kién ban dau.
1.2.2.2 Cong thirc s6 hang téng quat caa day Lucas
Cong thirc nghiém tong quat cia phuong trinh (1.2.2) 14
u =Ca"+C,p",
trong 46 C, va C, la nhitng hang s tu do.
Véi u, =2, u =1taco

C+C,=2
<C=1C, =1L

Ca+C,p=1
Vay cong thuc tong quat cua ddy Lucasla u =a" + "
Ki hieu L la diy Lucas. Khi ay, sé6 hang tong quat cia ddy Lucas la
L,=2,L=1va L =a"+/p", trong d «, f la nghi¢m cua phuong trinh
A?—-1-1=0.
1.2.3 Day Jacobsthal

1.2.3.1 Pinh nghia Day Jacobsthal 1a day duoc cho bdoi phuong trinh sai phan
tuyén tinh cap hai thuan nhat
{un+l =u +2u_,n=12..

1.2.3
u, =0, u=L1 ( )

1.2.3.2 Cong thirc nghiém tong quat ciaa day Jacobsthal
Phuong trinh dic trung cua (1.2.3) la A*-41-2=0.
Phuong trinh dac trung c6 nghiém la 4 =-1, 4, =2,

Cong thirc nghiém tong quat cia phuong trinh (1.2.3) 1a
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u =Ca"+C,A"
Véi u,=0,u =1taco
C,+C,=0 1
&C=-2=
Ca+C,pA =1 3
Vay cong thic tong quat cua day Jacobsthal 1a u_ = %1 a"—p" .
Ki higu J_ la dady Jacobsthal. Khi 4y, sé hang tong quat cia ddy Jacobsthal 1a

J,=0,J,=1va J, :%1 a"—p" , trong d6 «, f la nghiém cua phuong trinh

AP —-21-2=0.
1.2.4 Day k — Fibonacci

1.2.4.1 Pinh nghia Day k — Fibonacci la day duoc cho bai hé thirc truy hoi
Fn+1 = an + Fn*l, n=1.2,...,
(1.2.4)
F,=0, F=1.

1.2.4.2 Cong thirc tong quat caa ddy k — Fibonacci

Phuong trinh (1.2.4) c¢6 phuong trinh dic trung la A* —kA4-1=0.

k++k*+4 —vk*+4

k
Phuong trinh dac trung c6 nghiém la o = — B= )
Cong thirc nghiém tong quat cia phuong trinh (1.2.4) 14
F.=Ca"+C,p".
Véi F =0, F=1taco
{ C,+C,=0 1 1

<C = , = .
Ca+C,p=1 k?+4 k?+4
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1 . :
Vay Fn:\/m a"-pB", trong d6 «, f la nghiém cta phuong trinh
+

A*—kA-1=0. Véi k=1 tatrg vé ddy Fibonacci.
1.2.5 Day k — Lucas

1.2.5.1 Pinh nghia D3y k — Lucas 1a dy duoc cho bai hé tthic truy hoi

L..=kL +L ,n=12..,
L, =2 L=k (1.2.5)

1.2.5.2. COng thirc hé s6 tong quat ciaa ddy k — Lucas

Phuong trinh dic trung cua (1.2.5) la 2> —kA—-1=0.

Phuong trinh dac trung c6 nghiém la

a_k+\/k2+4 ﬂ_k—\/k2+4
2 T2

Cong thirc nghiém tong quat cia phuong trinh (1.2.5) 1a
L =Ca"+C,p".
Véi L,=2, L=k taco

{ C,+C,=2

<C =1 C, =1
Ca+C,p=k
Vay L =a"+ ", trong d6 «, B langhiém ctua phuong trinh A* —kA—-1=0.

Véi k=1 tatro vé day Lucas.
1.2.6 Day k — Jacobsthal

1.2.6.1 Pinh nghia D3y k — Jacobsthal 1a diy dugc cho bai hé thac truy hoi
{%H:KL+2J n=12,..,

n-17

1.2.6
J,=0,J=1 (1.26)
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