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MG DAU

Chuyén dé “Phuong trinh Diophant trong 16p dong du bac hai” 1a mot noi
dung quan trong ctia s6 hoc. Cac dang toan lien quan dén dong du thuong kho va
phtc tap. Trong chuong trinh trung hoc pho thong, nhitng bai toan giai phuong
trinh trong dong du thuong rat kho va triru tuong doi véi hau hét hoc sinh.

Trong cac ky thi hoc sinh gidi quéc gia, thi Olympic toan khu viic va qubc
té, cac bai toan lien quan dén dong du ciing hay dude dé cap va thuong thuoc
loai kho6 song chua duge day nhiéu ¢ pho thong, it c6 trong céc tai lieu tham
khao. Cac bai toan vé dong du trong chuong trinh pho thong nhicu kién thiic
chua dugc dé cap dén.

Véi mong mudn nang cao trinh do nghiép vu chuyén mon, dap ting viéc boi
dudng hoc sinh giéi ciing véi nhitng 1i do trén, toi chon dé tai: “Phuong trinh
diophant trong 16p dong du bac hai va ap dung” dé lam dé tai luan van thac si

cula minh.

Chuyén dé “Phuong trinh Diophant trong 16p dong du bac hai va ap dung”
gom ba chuong: Dong du va dong du bac hai; Mot s6 16p phuong trinh Diophant
trong 16p dong du bac hai; cac dang toan lien quan dén dong du bac hai. Cac
két qué clia luan van duge tham khéo tit [1] dén [7] va cac bai toan chon loc tit

cac ki thi hoc sinh giéi quoc gia, Olympic qubc té.

Luan van dudc hoan thanh dudi sy huéng dan khoa hoc day nhiét tinh,
nghiém tac va trach nhiém ciua GS. TSKH Nguyén Van Mau. Nhan dip nay, téc
gid xin dugc bay t6 long biét on chan thanh va kinh trong sau sac doi véi gido
su - Nguoi Thay da truyén dat nhiéu kién thic quy bau ciing véi kinh nghiem

nghién ctu khoa hoc trong sudét thoi gian tac gid theo hoc va nghién citu dé
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tai. Dong thoi tac gid cling xin bay t6 long biét on sau sic dén Ban giam hiéu
truong Dai hoc Khoa hoc - Dai hoc Thai Nguyén; Phong Dao tao, Khoa Toan
- Tin, cac anh em, ban be 16p K8B - Dai hoc Khoa hoc - Dai hoc Thai Nguyén;
Ban giam hiéu truong THCS Thanh Nhan - Ninh Giang, Hai Duong va gia dinh
da tao moi dieu kién thuan lgi, dong vien tac gid trong sudt qua trinh hoc tap,

cong tac va thic hien dé tai luan vin.

Thai Nguyén, ngay 15 thang 5 nam 2016

Tac gia luan van

Nguyén Thi Mat



Chuong 1

DONG DU VA DPONG DU BAC
HAI

Trong chuong nay ta xét cac tinh chat co ban ctia dong du va dong du bac

hai va céc dang toan vé phép chia hét va phép chia c¢6 du (xem [2]-[5]).

1.1 Dong du va cac 16p dong du

Trong phan nay ta xét cac 16p dong du bac mot va bac hai theo modulo m,
trong d6 m 1& s6 nguyén duong cho trude.
Pinh nghia 1.1.1 (xem [2]-[5]). Cho m 1a mot s6 nguyén duong. Ta néi hai so
nguyeén a,b 1a dong du vé6i nhau theo modulo m néu trong phép chia a va b cho
m ta dugc ciing mot so du.
Ky hiéu

a=b (modm). (1.1)

He thiic (1.1) goi 1a dong du thiic.
Dinh 1y 1.1.2. Dinh 1y Thue Cho p la moét s6 nguyén to. Khi dé vdi moi so
nguyén a théa man p{ a luon ton taiz,y € {1,2,...,[\/p|} sao cho ax =y (mod p)

hodc ax = —y (mod p).

Ching minh. Ta dinh nghia

S={12,. [Vol} x {1, 2,.... [\/pl},
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S chia ([\/p] +1)? cdp ¢6 thit tu. Binh phuong hai vé clia \/p < [,/p] + 1 ta nhan
dugc p < ([/p] + 1)%, vi thé S ¢6 nhiéu hon p phan ti. Gid st cho trude a € Z
sao cho p{a. Do (z,y) bién thién trén S, cho nén c6 nhidu hon p biéu thitc dang
az—y. Luu ¥ rang ax —y 1a mot s6 nguyén va moi s6 nguyén 1a dong du modulo p
v6i duy nhat mot phan tit trong F* = {0,1,...,p—1}. C6 p phan tit thudc F;¥ va
nhiéu hon p biéu thiic az —y. Do d6 theo nguyen 1y chuong chim bd cau, phai c6
it nhat hai biéu thiic axz — yy cing dong du modulo p. Lay cap (x1,y1) # (22, y2)
ma axj —y; = ary —y2 (mod p). Ta rat gon dé duoc a(xy —x2) = y1 —y2 (mod p).
Dit o = |21 — 22|,y = |y1 — 2| thi (z,y) € S. Ta mudn loai trit khd ning z = 0
hodic y =0 dé z,y € {1,2,...,[/p]}-

Dau tién gid st x = |21 —a2| = 0, tiic 1a 21 = 29. Khi d6 a(z; —22) = 0 = y1 — 92
(mod p). Viyi,y2 € {1,2,...,[\/p]} nén y1 < p,y2 < p. Khi do, ta phai c6 y1 = o,

mau thu?m v6i (.Tl,yl) 7& (IBQ, yQ).

Bay gio gia st y = |y1 — y2| = 0, do d6 y; = y2. Khi d6 a(x; —22) =0 (mod p).
Vi p { a nén tur tinh chat ctia cdc phép toan dong du da néu trude day thi
r1 — 29 =0 (mod p). Lap luan tuong tu nhu trén ta két luan rang r1 = x2 , mau
thuén v6i (:l:l, yl) 75 (Ig,yg).

Nhu vay ta c6 ar = £y (mod p) va d6 1a diéu can chiing minh. O
Tinh chét 1.1.3 (xem [2]-[5]).
a. V6i moi s6 nguyén a ta c6 a = a (mod m).
b. Néu a =b (mod m) thi b=a (mod m).
c. Néu a =b (mod m) va b= c (mod m) thi a =c (mod m).
Tinh chét 1.1.4 (xem [2]-[5]). Néu a = b (mod m) va ¢ 1a mot s6 nguyeén tiy
thi

atc=btc (modm).

Tinh chat 1.1.5 (xem [2]-[5]).

a. Néu a1 = az (mod m); by = by (mod m) thi

(a1 £b1) = (ag £b2) (mod m).
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b. Néu a; = az (mod m); by = by (mod m) thi
(a1 X by) = (ag x by (mod m).

Tinh chat 1.1.6 (xem [3]-[5]).
a. Néu a+c=0b (mod m) thi a=0b—c (mod m).
b. Néu a = b (mod m) thi a + km = a (mod m).
c. Néu a = b (mod m) thi a* = b* (mod m).
d. Giad st f(2) = apa™ ' 4+ - + a1z + ag 13 mot da thiic v6i he s6 nguyéen. Néu ta
c¢6 a = (mod m) thi ta cling c6 f(a) = f(5) (mod m).

Dic biét néu ta co f(a) =0 (mod m) thita ciing c6 f(a+km) =0 (mod m) (k €
7).

Tinh chat 1.1.7 (xem [2]-[5]). Néu ac = bc (mod m) (¢,m) = 1 thi a = b

(mod m).
Tinh chét 1.1.8 (xem [2]-[5]). Néu a = b (mod m) thi ac = be (mod m).

Tinh chat 1.1.9 (xem [2]-[5]). Néu a = b (mod m) va d | (a,b,m) (d > 0) thi ta

z

CcO

Tinh chat 1.1.10 (xem [2]-[5]). Néu a =b (mod m;), i =1,2,3,...k thi

a=0b (modm);m=mimy...mg.

Cho tap A = {ay,az,...,a,}. Gid stt 0 < r; < n — 1 1a s6 du khi chia a; cho
n. Néu tap cac s6 du {ry,rs,...,m,} trung véi tap {0,1,...,n — 1} thi ta n6éi A 1a
mot he thing du day du (modulo n). Dé thay: Tap A lap thanh mot he day du
(modulo m) néu va chi néu i # j = a; # a; (mod n).

Néu A = {ay,as,...,a,} 1a he diy di mod n thi tit dinh nghia dé suy ra
e V6i moi m € Z ton tai vd duy nhat a; € a sao cho a; = m (mod n).

e V6imoiacZtap A+a= {ay1+a,az+a,..., a,+a}, ciing 1ap thanh he day

di mod n.
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e NéucecZ, (c,n) =1 thitap cA = {cay,cas, ..., ca,} ciing lap thanh he day

di mod n.

Vidu 1.1.11. Cho hai he day dimod n: A = {a1,as,...,a,} va B = {by,ba,...,by}.
Chting minh rdng néu n 13 s6 chin thi tap A+ B = {a1 + b1,...,a, + b, } khong

lap thanh mot hé day di mod n. C6 thé néi gi néu n 1a sb 18?

Loi gidi. Ta nhan xét rang néu C = {c1,...,c,} 1a hé day di mod n, thi ta c6

& & n(n+1)
= = ——=0

(do n chén). Ta c6

n

Z(ai + bi) = ;ai + Zbi = n(n;_ 1) + n(n; 1>

i=1 1=1

=n(n1) =0 (mod n).

Vay nén A+ B = {ay +b1,...,a, + b,} khong lap thanh mot he day du.

Néu n 1é thi chua két luan duge. Nghia 1a A + B c6 thé 1a he day du, c6 thé
khong 14 hé day di. Chang han, xét n = 3. Néu A = {1,2,3}, B = {4,5,6} thi
A+ B = {5,7,9} 1a he¢ day dt mod 3. Tuy nhién véi B’ = {5,4,6} thi A+ B’ =
{6,6,9} lai khong 1a he day dt mod 3.

Vi du 1.1.12. Cho hai s6 nguyén duong m,n va hai tap A = {a1,...,a,} va
B ={b1,...,b,} trong d6 A 1a hé day di mod n va B 1a hé day dit mod m. Chiing
minh rang néu (m,n) > 1 thi tap AB = {a;b;} i =1,2,...,n,j =1,2,...,m khong

lap thanh mot hé day di mod mn. C6 thé néi gi néu (m,n) = 1.

Loi gidi. Ta c6 nhan xét sau: Néu A = {ay,...,a,} 1 hé day di mod n va p 1a
uéc nguyen tbé ciia n thi trong A c6 ding n — - s6 khong chia hét cho p. That
vay, gid st a; = gin + 71,1 <r; <n. Do Ala hé%ﬁy dt nén cac r; phan biet. Ta
c6 a; chia hét cho p khi va chi khi r; chia hét cho p. S6 phan tit clia A chia hét
cho p bang s6 céc s6 nguyén duong k, k < n 1a boi ctia n, D& thay s6 do6 1a g Do

d6 s6 cac s6 khong chia hét cho p trong A lan — —.
p
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Mot phan tt a;b; € AB khong chia hét cho p khi va chi khi ca a; va b; déu
khong chia hét cho p. Néu AB 1a mot hé day di mod mn thi tit nhan xét trén
ta suy ra dang thtc

mn n m mn mn
mn—Tz(n—E)(m—;)@sz—z.
Day 14 diéu vo 1y vi p > 1. Néu (m,n) = 1 thi chua két luan duge. Nghia la
A+ B c6 thé 1a he day du, c6 thé khong la he day di. Vi du n = 2,m = 3. Néu
A =1{1,2}, B={57,9} thi AB = {5,7,9,10,14,18} 14 he day du mod 6. Néu
A=1{1,2},B={5,6,7} thi AB = {5,6,7,10,12,14} khong 1a h¢ day di mod 6.
Vi du 1.1.13. Mot s6 nguyén duong T goi la s6 tam giac néu né c6 dang
T = M Tim tat ca cic s6 nguyén duong n cé tinh chat: Ton tai mot he

day dt mod n gom n s6 tam giac.

Lot gidi. Ta chitng minh s6 n ¢6 dang n = 2°.

) P . k(k+1
1) Neu n = 2°%. Ta xét tap A= {TZi—l}ZT‘L:l d do Tk = w

5 Ta c6 A la
he day di mod n vi néu Ty = Tpj—1 = (i — j)(2i +2j — 1) chia hét cho n.
Vi n khong c6 uéc 1é nén i — j chia hét cho n. Mau thuan. Do lai gia st ton
tai mot he day dit A mod n gom n s6 tam gidc v6i n = 2°m 6 d6 m > 1 1a sd
1é. Xét tap B = {T;}™,. Ta ching minh B 1a he day di mod m. That vay, 1y
r€{1,2,...,m}. Vi Alahe day dit mod n nén ton tai sé tam gidc T}, € A sao cho
Ty =2 (mod n) = Ty = (mod m). Gid st k =i (mod m),i € {1,2,...,m}. Khi d6

k(k+1)=i(i+1) (mod m). Vi m lé nén tu do6 suy ra T; = T, = x (mod m). Vay
m(m + 1)

B 13 he day dit mod m. Nhung diéu nay 13 mau thuan, vi T, = 5 =0
—1
(mod m), Th—1 = % =0 (mod m).

Nhan xét 1.1.14. Vi du trén cé thé phat biéu dusi dang mot bai toan vui nhu
sau: Mot 16p gdm n hoc sinh ding thanh vong tron dé chuyén bong ngude chiéu
kim dong ho theo quy tac sau: Lép trudng (coi 1a hoc sinh mang s6 mot) bo qua
hoc sinh bén canh (hoc sinh mang s6 hai) chuyén béng cho hoc sinh mang s6
ba. Hoc sinh mang s6 ba c¢6 béng, b6 qua hai hoc sinh ké tiép (mang s6 bon va
s6 nam) chuyén béng cho hoc sinh mang s6 sdu. Hoc sinh mang s6 sau c6 bong,

b6 qua ba hoc sinh ké tiép (mang s6 7,8,9) chuyén béng cho hoc sinh mang s6



