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Cho hai s6 nguyén td 1& p va g, khi d6 ta c6
p q p=1 g1
2112 :(_1) 2 2
() (2)

0 néu ged(a,p) # 1
a p
(;) =4 +1 ncua lathiang du bac hai

trong do

—1  néu a 12 phi thing du bac hai.

Ménh dé trén dudc goi 12 luat tuong hd bac hai. Luat nay dugc dua ra lan
dau tién nhung khong dugc chiing minh bdi Euler (Opusula analytica, Pe-
tersburg,1783). Vao nidm 1785, Legendre ciing tim ra lut tuong hd mot
cach ddc 1ap v6i Euler va dua ra mot phan chiing minh. Chiing minh day
dd dau tién dugc dua ra bdi Gauss vao nim 1796 trong cubn sach néi tiéng
Disquisitiones arithmeticae(1801). Cudn sach d6 da dit nén méng va cung
cp nhiing y tudng sau sic cho Li thuyét s6 hién dai, dugc viét khi Gauss
méi 20 tudi. Kronecker da néi vé cudn sach nhu sau: "It is really aston-
ishing to think that a single man of such young years was able to produce
such a wealth of results, and above all to present such a profound and well
organized treatment of an entirely new discipline".

Ban than Gauss da dua ra bdy ching minh khac nhau vé luit tuong hd
bac hai. Chiing ta c6 thé tim thay ching trong cubn sach "Klassiker des
exakten Wissenshaften" cua Ostwald. Luat tuong hd bac hai dugc cho 1a
dinh 1y quan trong nhit dugc giang day trong cdc gido trinh vé Li thuyét
s6 so cap. TAm quan trong cia luit tuong hd bic hai da 1am cho nhiéu

nha toan hoc khac nhu Jacobi, Cauchy, Liousville, Kronecker, Schering and



Frobenius nghién ctiu n6 sau Gauss va chung ta da c6 hon 100 chitng minh
khac nhau da dugc phat hién. C6 thé chiing minh don gidn nhat trong tt ca
cac chiing minh 13 thong qua s hoc va hinh hoc, bat ngudn tir t6 hop BS dé
cua Gauss (xem Gauss” Werke, vol. II, p.51) va y tuéng hinh hoc ctua Cayley
(Arthur Cayley [1821-1895], Collected Mathematical Papers, vol.II). Luat
tuong hd bac hai con c6 rat nhiéu ting dung trong S6 hoc, vi thé né 1a mot
phan kién thic quan trong trong céc ki thi hoc sinh gidi (nhét 12 c4c ki thi
chon doi tuyén Olympic Toan). Véi nhiing 1y do da néu & trén nén tic gia
da chon dé tai " Luat tweng hé béc hai va diém nguyén" dé nghién citu.
Muc dich cta luan vin 1a trinh bay lai chi tiét chiing minh Luat tuong ho
bic hai dua trén B§ dé Gauss va dém cic diém nguyén trén 1u6i hai chiéu
dudc dua ra bdi Eisenstein. Hon ntia luan van con giai thich dudc tai sao khi
nghién cifu phuong trinh dong du bic hai tdng quat thuc chit chi can tim
hiéu phuong trinh bac hai dang dic biét. Cudi cung, luan vin dua ra mot sd
ting dung cta Luat tuong ho bac hai trong viéc gidi cdc bai toan phd thong.
Ngoai phan Ldi néi dau va Két luan, luan vin dudc chia thanh hai chuong
dé cap dén cac vin dé sau day:
Chuong 1: Mt s6 kién thiic co ban
Chuong nay nham gi6i thiéu vé cac kién thiic co sé phuc vu chuong 2 nhu
dong du, da thiic trén Z/ pZ, dinh ly thing du Trung Hoa,...
Chuong 2: Luat tuong hd bac hai

Trinh bay Luat tuong hd bac hai, chiing minh Luat tuong hd bac hai bang
phuong phap hinh hoc 13 dém s6 diém nguyén trén 1ué6i hai chiéu; giai thich
tai sao khi nghién cttu phuong trinh dong du bic hai tdng quat thuc chit
chi can tim hiéu phuong trinh dong du bac hai dang dic biét va dua ra mot

s6 tng dung cia luat tuong hd bac hai trong viéc giai cac bai toan phd thong.

Luan van nay dugc thuc hién tai Truong Pai hoc Khoa hoc - Pai hoc
Thai Nguyén va hoan thanh duéi su hudng dan ctia TS. Hoang Lé Trudng-
Vién Todn hoc, VAST, Viét Nam. Qua day tic gia xin dugc bay to long biét
on chan thanh va sau sic t6i ngudi huéng dan khoa hoc ctia minh - ngudi da
dit van dé nghién cifu, danh nhiéu thdi gian huéng dan va tan tinh giai dap

nhiing thic mic cla tic gia trong sudt qua trinh 1am luin vin. Pong thai
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tac gia xin tran trong cam on Ban Giam hiéu Truong Pai hoc Khoa hoc -
Pai hoc Thai Nguyén, Ban Chu nhi€ém Khoa Toan-Tin, cung cac giang vién
da tham gia gidng day, Ban giam hiéu va cac dong nghiép trudng THCS Du
Hang Kénh (Quan Lé Chan, thanh phd Hai Phong) da tao moi diéu kién tot
nhat d€ tac gia hoc tap va nghién ciu, cubi cung tac gid mudn danh nhiing
15i cam on dic biét nhat dén gia dinh va tip thé 16p Cao hoc Toin K8B
(kh6a 2014-2016) da ludn dong vién va chia sé nhitng khé khin dé tac gia
hoan thanh tét lun vin.

Thdi Nguyén, ngay 20 thdng 5 nam 2016

Tadc gia

Vii Thi Gdi



Chuong 1
Mot so kién thitc co ban

Muc dich ctia chuong nay 13 nhic lai mot sb kién thic chudn bi can thiét
cho viéc trinh bay céc két qua trong chuong sau. Noi dung ctia chuong nay
1a chiing toi nhic lai mot sb khai nién vé dong du, da thic trén Z/pZ, dinh
ly thing du Trung Hoa,.... Hau hét cac két qua clia chuong nay dudc trinh
bay dua theo tai li€u [1], [2].

1.1 DPong du

Dinh nghia 1.1.1. Gia st a, b va m > 1 1a cac sb nguyén. Ta néi ring sb
nguyén a va b 1a dong du modulo m néum | a — b.

Khi a dong du b modulo m, ta viét

a = b(modm).
Néu a dong du b modulo m, ta viét

a # b(modm).

Ménh dé 1.1.2. Gid sit a,b,c,m la cdc s6 nguyén, m > 1. Khi dé ta co:

(i) Neua=b (mod m)vic=d (mod m). Khidé: atc=b+d (mod m)

va a.c =b.d (mod m)

(ii) Néu ac = be(modm) va d = (c,m). Khi dé a=b(mod?%).
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(iii) Cho a,b € 7Z. Khi do a.b =1 (mod m) khi va chi khi gcd(a,m) =1

Khi do s6 nguyén b goi la nghich ddo ciia a modulo m.

Pinhly 1.1.3. Gid sta=b (mod m;),a=b (mod my),...,a=b (mod my),

trong do a,b,my,my, ...,my la cdc s6 nguyén, my,ms, ...,my; > 0. Khi do
a= b(mod [ml,mz, ...,mk]).

trong do [my,my, ...,my] la boi chung nhd nhdt ciia my,my, ..., my.

Dinh nghia 1.1.4. Vanh cic s6 nguyén modulo m dugc ki hiéu 1a Z /mZ va
dudc xac dinh nhu sau:

Z/mZ={0,1,2,--- ;m—1}.
Tap tht ca cdc phan ti kha nghich trong Z /mZ ki hiéu 1a (Z/mZ)* va
(Z/mZ)* ={a € Z/mZ: gcd(a,m) =1}

= {a € Z/mZ : a c6 mot nghich ddo modulo m}.

Néu a; va a» 1a kha nghich modulo m thi aja; ciing 13 kha nghich modulo
m. Nhung néu cong hai phan t kha nghich, ta c6 thé khong dudc mot phan
ti kha nghich.

1.2 S6 nguyén t6, s phén tich duy nhit va truong hitu han

DPinh nghia 1.2.1. S6 nguyén p dudc goi 1a sé nguyén td néu p > 2 va p
chi chia hét cho 1 va p. S6 nguyén duong khéac 1 va khong 12 sd nguyén tb
dudc goi 1a hop sb.

BG dé 1.2.2. Gid sit a,b,c la cdc s6 nguyén duong, (a,b) = 1 dong thoi
a:bc. Khido a:c.

HeE qua 1.2.3. Néu p | a1a;...a,, trong do p la s6 nguyén té va ay,as, ...,ay
la cdc s6 nguyén duong thi ton tai i, 1 < i < n sao cho p | a;.
Dinh Iy sau dy 12 mot dinh 1y quan trong nhét ctia S6 hoc, né cho thiy céc

s6 nguyén t6 1a nén tang dé xay dung s6 nguyén.
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Dinh ly 1.2.4. (Pinh ly co ban ctia s6 hoc) Cho a > 2 la mét s6 nguyén, thi
.. pir_
Hon nita, khong ké'thit tw ciia cdc s6 nguyén to thi su phdn tich nay la duy

nhdt.

a ¢ thé dugc phdn tich thanh tich ciia cdc sé nguyén 16 a = pi' p5? -

Ménh dé 1.2.5. Néu p la sé nguyén t6 thi mdi phdn ti a khdc khong trong

7./ pZ. ¢6 mot nghich ddo nhdn, nghia la cé mét sé b théa man
ab = 1(mod p).

Ta ki hiéu gid tri b nay bdi a= ' (mod p). Khi do tdp cdc phdn tit khd nghich
la
(Z/pZ)* ={1,2,3,4,--- ,p—1}.

Ménh dé 1.2.6. Gid sit p la mor sé nguyén t6. S6 nguyén a la nghich ddo

modulo p cua chinh no khi va chi khi
a=1(modp) va a=p—1(modp).

Dinh nghia 1.2.7. Néu p la s6 nguyén t6, thi tip Z/pZ cla cic sb nguyén
modulo p cliing v6i phép cong, trir, nhan va quy tac chia la trudng. Trudng
7/ pZ céac sb nguyén modulo p chi ¢6 hitu han phan tif va thuong dugc ki
hiéu boi IF),.

1.3 Luy thua cua trueng hiru han

Trong phan nay, ching ta dé cap dén 1y thita trong F,, nhd ¢6 mot chiing
minh két qua co ban ctia Fermat va d6 1a mot tinh chat quan trong ctia nhém
cdc phan ti kha nghich (F,)*.

Vi du 1.3.1. Tir bang liiy thira cla cac s6 modulo 7 (Bang 1.1), ta thiy céc
cOt bén phai bao gdm toan bo 1.
Tic la:

a®=1 (mod7) véimdia=1,273,--6.



