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1. Giéi thiéu

Nho couu diém ndi troi vé kha ning chu luc trong khi chi phi & vat liéu va tong hrong
két ciu dugc giam & muc dang K, ma cac &t ciu tim-vo c6 gan ing arng da dugc sr dung rt
pho bién ¢ hau hét cacting ding trong K thuat vadoi sdng, cho di 1a cacék ciu ché tao tir cac
loai vat liéu kinh dién hay cac & ciu duoc ché tao tir vat liéu compositedp. Tuy nhién, trong
thuc t# cua nganh 6 hoc ky thut, viéc tinh toan ¢ hoc déi vai cac Kt cau tim-vo cé gan ing
cing luénduoc xem 14 4t phac tap va chodén nay \in chra coduoc 1oi giai tong quatdic biét
la cac Kt ciu bing vat liéu c6 tinh d hudéng cao nir compositedp. Vi VAy, van d&& nayda va
dangduoc ar quan tdm &a nhéu nha nghiénteu co hoc trong va ngoaiwsc. Vi du nhu, gain
day Kolli va Chandrashekhara [3} slung ptin tir dang tham 8 véi cac ham ai suy khac nhau
cho #im va dim dé phan tichang xr phi tuyén cia tm gan Compositedng viéc sr dung phin
tir tir gidc 9 ndt va pdn tir gan 3 nat da trén ly thugt tim cia Mindlin. Céac tac gi Y.V.Satish
Kumar, Madhujit Mukhopadhyay[4]Jisdung mbt phan tir tim gan ndi dé phan tichon dinh cho
két cAu tim c6 ganing arng bing Vit liéu compositedp, phin tir nay & ndt s to hop caa phin
tr tam gidaing suit phing aia Allman va ngt phan tir ubn Mindlin —Kirchhoff i rac; mé hinh
nay ding c6 kh nang ap ang doi voi bai toan c6 & gan ht ky va hrong tuy y. Nhom tac gi
Guanghui Qing, Jiajun Qiu, Yanhong Liu [S}jaltrén nghim ban gai tich aia ly thuyét phrong
trinh véct trang thai, ndt md hinh toan ét méi dé phan tich dadong tr do dia im gan nhdu
|6p d8 duoc phét trén bing cach xem xét riéng dicac pln tir tim va gan; phong phap nay
dwa tréndiéu kién trong thich @ ung sut va bén dang ti cacdiém nat giao #p gira im va
gan; cac tac giciing sr dung phin tir tir giac Hic nhit 4 nGt va i pham vi nghién &u gisi han
trong cac Kt ciu c6 gan b tri doc theo cacanh aia tim. Bén anh mt s cong trinh géc t da
cong I trén nhr d4 list ké trén, gn day ding da c6 ndt sb coéng trinh trong méc nhr: Nhém
cac tac gi Tran ich Thinh, Tén hiu Quic [2] d& nghién 6u bai toan dadong aia cac Kt cau
tim c6 gan ang arng king VAt lisu Compositey nghién &u nay, cac tac gida sr dung mo
hinh pHin tir tr gidcdang tham & 9 nuat va phn tir dim 3 natdoc lap voi cung ham i suy; ma
tran do cng aia pHin tir dim duoc xay drng dra tréndiéu kién trong thich ¥ chuyén vi tai mat
lién két gita im va gan tréness ly thuyét tim aia Mindlin; trong tir nhu cac nghién ¢u cia
cac tac gi khac, nghiéneu nay d¢ing ch khao sat Wi cac Kt ciu cé gan b tri doc theo cac
canh, hay véc chia lr6i phai phu thupc vao & dd bb tri caa gan.

Muc dich duoc dit ra trong bao céo nay la xaymty dugc md hinh phn tir co the ap
dung cho bai toandt ciu tim c6 ganing arng & dang ©Hng quat (Kt ciu c6 $ lwong gan Bt
ky, huong gan khong rdt thiét phai song song &i cac @nh bén éa &im). Tu tuong chinhdé
thic hién trong b&o céo 12t rac hoa Kt ciu boi cac phn tr dang tam giac c hai, trongdd
bao @m cac phn tir don thuan la pHin tir tim chiu wdn truyén thdng va céc pin tir ¢ sr t6 hop
vé6i thanh plan gan.O cac pln tir tb hop ta xem phn tr tim va pln gan 1a hai thanh gh aia
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mot thé thdng nHit, nhr vy ma tén do cang aia pHin tir t6 hop < & tHng ma tan do cing aia
cac thanh pin. Tuy nhiéndiém miu chbt ¢ day d6 la ma tén d6 cing aia thanh pan ganduogc
xay drng trén o so cua viéc biéu dién truong bén dang trong gan théng quadttruong chuygn
vi trung gian 4y trén ptin tr tim, va toong chugn vi naydugc xacdinh nhy viéc i suy tr
cac thanh pdn chuyén vi nGt dia pHin tir tam.
2.Ung xir co hoc ciia thm va dim composite &p
* M6 hinh bai toén:
V4

M6 hinh bai toaném c6 11

gan ting arng cé it duoc bidu l v *nyl l v l

dién nhr hinh bén (Hinh 1)bé
don gian hoa véc bieu dien,

chang t6i & dung cach Hu dién
vei vat liéu don lop va khong mo 'y

ta diéu kién lién Két, tuy nhién lién by |
két caa két g:au aing € duoc khao ~
sat¢ dang ng quat. Hinh 1. Md hinh ét c4u tdm chu wn

Trong mo hinh dng quat, c6 gan &ing aing

hé truc chung dy theo B quy
chiéu aza im (x,y,z)nhu hinh \&, h¢ truc dia phrong aia gan Ixx’,y’,z"). Trongdé truc z’=z,

X' = phwong aia ganva hé truc quyddi cua gan (x 2 z) la ke truc (x,y,z)tinh tén di 1 khaing

(O, 0, hTHj , Vi hvaH tuongting la chéu day @a tim va chéu cao éa gan.

* Ung %t co hoc aia tim compositedp
Quan k& ung suit-bién dang trong dm déi véi |6p thi k dugc biéu dién nhr sau:

gy Q: Q. Qs 0 0] (g
gy Q, Qp Q4 0 0 &y
Tyt =|Qs Qp Qs O 0 Yy 1)
r 0 0 0 Qu Qi |V

T ) 0 0 0 Qg Q55_ « W) i

Trongdé, Q; 1a cac 1§ S0 do cing thu @n, duoc xacdinh tir cAc ling  dan Hoi cia vat
liéu [1]; va cac thanh gim bién dang trong (1)duoc xacdinh qua chugn vi nhr sau:

Ex=E+ZK; £, =€+ ZK, Vi = Vo T 2Ky Yy T Yani Ve = Vi )

trongdo:

o_ou’ o_aVO.k :%'k 26, _06, 96,
X 1€y ] X aX ] y - ] Xy + ]
oX 0x oy dy  ox
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o _ou® o o ow. o ow
W% dy + ax ' yyz_gy+a_y’ yxz_gx+& (3)

Trong (3),u, vvaw la cac chugn vi & mat gitta cia tim va @, , 6, la cac goc xoay. Tich
phan (1) theo chu day tim, ta thuduoc phrong trinh quan &iung st - bién dang:

=] otfer] (4)

Trong d6 {N‘} la vect lyc mang va mé menda, xadn; { Dt} la ma tan do cing Vat

liéu, duoc xacdinh tir cAc Hing $ dan i cua at liéu [1]:

{erb={en.en. vk, kg v ot 5)
[N = (Ny Ny Ny @y Qs My My My T 6)
_’Ql 'A{Z 'ﬁtﬁ Bll Blz BlG O 0_
Atz Atzz Aze B12 Bzz Bze 0 0
&6 At26 tG Blﬁ BZG BGG 0 0
t B;l Biz 316 Dll DlZ DlG O 0
D |= 7
e P T N @
Bis Btze Btee Dtls Dze Dee 0 0
0O 0 0 0 0 0 A, A
0 0 0 0 0 0 A A
trongdo:
(A}'Bi}'Di}):gjht:(Qi} )k (l z, Zz)dz voi i=1,2,6 (8)
L
(AEM’ A %5) i kz J::(l [flz (QEM)k’ f1f (QZS)k 5 (Qé5)k ]dz 9)
=1

Trongdd Q; la cac i s6 vat liéu cua lop thi k trong I toa do tam, f; vaf,la cac ¢ b
hiéu chinh cit vaL la £ 16p vat liéu trong &m.
* Quan e iing suit-bien dzng aia dim compositedp

Céc gan giawong dugc mo hinh hng cac dm nhiu lop vadat theo phrong kit ky doi
vé6i canh im. Dam chi chiu won, khi d6 thanh pan chuyn vi v(x,z)la vo cung bé néncbqua,
trong tinh toan ahcon 2 thanh pin chuyén vi u(x,z)vaw(x) [6].

Truong chuyn vi theo Mindlinduoc biéu dién nhr sau:
u(xz) = u(x)+ 26,(x) (10.2)
w(x) = w°(x) (10.b)
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Truong bién dang aia dim:

- 0 i .0
gx_£x+2kxi yxz_yxz

Vai:
o o’ g
X ik T e
Truong tng Sut:
o, ] C, O
a, Co O
Jyz =10 C45 [
Oz 0 Csg
9% [Cs O

3. Hé phwong trinh phan tir hitu han

ow’
1)

£, ]

Yzl

(11)

(12)

(13)

Sir dung pHin tir tam giac 6 nat, Bi nat 5 bic tr dodé mé hinh dm, ta co th viét cac

chuyén vi tai diém bat ky trong im nhr sau:

BE T

trongdo: {ul={wvwae.6}; N

ieJ: Ner]

(14)

va N 1a cac ham ¢i suy Lagrange,|] Ia ma tan don vi 5x5 vau, \,...l1a cac chugn vi nat.

Ta viét lai (14) dudi dang:

{u} =[Nad

trongdo: [N] =[NCLNC]...

for} = ek fus

Thay (15) vao (3) taugc

e}=[8t ko)

IN:]

Vo duf)

(15)

(16)

Pé mé hinh cho gan, ta xéuting hyp tong quét, Kt ciu tim c6 ganing amng hop Voi

truc x goc ¢, co gia ti gigi han la 0< ¢ <180°.

Déi véi két ciu tim ¢ ganang arng, khi ta bi rac hoa ldi cac phan tir, 5 ton tai cac

phan tir c6 chradoan gan #ng arng nhr hinh 2.
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/ Mt trung tinh caa m

@,
— .’ ,‘" x’
X ]
Mat trung tinh cia géat X

Hinh 2. Md hinh péin t tdm chra mgt dogn gan

Véc b chuyén vi ciadiém M bat ky trén mit trung binh aa gan 8 duoc xécdinh thong
qua vécd chuyén vi M' (M la hinh chéu aia M' theo plrong vubng goc & mat phing tim)

Khi d6, véc tr chuyén Vi tai M":

.
{uet} = {uot VO WO gt 6;,} (17)
duoc mdi suy i cac thanh pin chuyén vi nGt dia phin tir tim nhr sau:
Ny, 0 0 0 0 -~ Ng 0 0 0 0]
ON O 0 O -~ 0 N, O O O
bef=lo o N, 0 0 - 0 0 Ne 0 0 =[N ae] (18)
O 0 0N O - 0 0 0 Ng O
0 0 0 0N - 0 0 0 0 Ng

Céc chugn vi cia gan trong éitruc (X', y', Z') duoc xé&cdinh theo cac chuy vi cia tim
theo I truc (x, y, z),nho d6 madicu kién tuong thich & chuyén vi cia phan tr thanh va pan tu
tam tr dong duoc thaa mén [4].

u'© _ | u®

1 000 O
vO 01 0 0 O™
{uex}: WO 1001 0O WOt :[E][uet]
p 000 1 0| (19)
X X
o, 0000 1)y

e e

trongdo: &= (H +h)/2 1a khaing cach gia mit phang trung binhdm véi mit phang trung binh gan.

Bién dang aia gan trong &itruc taa do dia phrong (;<, 9 E) la:
o ={e, vl (20)

Céc thanh pin bién dang trén gm cé:{gog }T :{sg, 6-- y9,}

X, X' 7 xz
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Céc thanh pin bién dang trong 1 truc (?(V E) dugc chuyén ddi sang 18 truc (X, y', ') nhu
sau [1]:

{e%9)=rofeor) @y
trongdo: {509’(} la cac thanh pin bién cang a1a {509} duoc biéu dién trong 1§ toa do (X, ', Z)
theo béu thic:
AT
{‘E.ng} = {5)9 ’ 58' ’ y)?'y‘ ’gx',xW gy',y' ’ gy',x' 1‘9x',y' ' yg'z' ' y)?'z'} (22)

va ma tén chuyén doi hé truc bién dang :

cos?¢ sin? g %sin 2¢ 0 0 0 0 0 0
g3 2 .2 1 . 1 .
T (=0 0 0 cos ¢ sin“¢ Esm 29 Esm 29 0 0] (23)
0 0 0 0 0 0 0 sing cos¢g

Biéu thirc (22) béu dién qua chugn vi {u®*} dusi dang:

{09 }=|Lo]ax (24)

Trongdd cac ma tn toan & L® dugc xacdinh nhr sau:

r 4T
L 0 0_ 0 0 0 0 0 0
ox' oy’
0 6_ L 0 0 0 0 0 O
ady' ox'
LY=|0 O o o o o o 292 (25)
oy' ox'
0 0 9 L 1
aXx ay'
0 0 0 i 0_ 1 O
i ay' ox' i
Cudi cling ta c6 cac thanh fmbién dang duoc viét lai dudi dang:
oot} = o for )= [ [NKad = [me o) (26)
Trongdé cacB? la ma tén lién k¢ bién dang chuyn vi dugc xacdinh nhr sau:
[B°]=[re]|N] (27)
Biéu thic thé nang aia vat thé duoc xacdinh la:
Mn=u+w (28)
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trongdo:

U :%ISTU dV 1a ning krong bién cang dan i, vaw = —IdT pdS= —J' wpdsS la cong éa

lyc phan B. Ap dang nguyén ly gc tiéu hod tié ning ta thét 1ap duoc hé phuong trinh PTHH:
a7 =0 (30)
Nang krong bén dang dan oi caa im dugc xacdinh boi:

—_ 1 t T t t —_ 1 T
U, _EJA{S} (D' [{«} dxdy=-a'K g (31)
Ning lrong bén dangdan hi cia ganduoc xacdinh boi:

ot = [l oY el Sec @)

Trongdd DY la ma tén dé cing aia pHin tir ganduoc biéu dién nhr [a:

A Bj O
[pe]=| 88 o3 0 39)
0 0 A}
Ma tran d6 cirng aia im va ganiuoc xacdinh 1a:
[K;]:HBJABl+BlTB B,+B,B B, +B,D B, +B; A B,|dS (34)
St
trongdo:
(B =[Ny [N, ... [LyINe | (35.a)
[B,]=[[La]Ny [Lo]N, .o [ INe (35.b)
[Bs] =[[La]Ny [Ls]N, ... [Ls]NRe ] (35.c)
[AJ] Z[QIJ] hk -1 (36.a)
[Bu] 1 [QIJ] (hf hk 1) (36-b)
k—l
D =[Dij]:%Z[Q‘ij ]k(hi’ _hlf’—l) voi:i,j=1, 2, 6. (36.c)
r=(a;]= Z[Q.,] ~Ms) V6it i, j = 4, 5 (36.d)
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K¢ =bgj[Bg]T[Tg]T[Dg] o] [ee] x (37)

‘g9
Ma tran d6 cirng aia phin tir t6 hop im-ganduoc xacdinh boi:
Ke=KL+KZ (38)
Néuvnhr phan tir gan cti thusc 1 prﬁn tir tém thi ma tén d6 cang aia prﬁn tir t6 hop thic
hién nhr biéu thic (38), réu thwce ¢ hai phan tr tam thi coi nhw chi thugc 1 phan tr va phan tr
con hi coi nhr khéng clira gan.
Céng do i trong phan B déu duoc xacdinh hoi:

[[pOcy)wix y)ds=qT [[[Bp]"{p(x y)}dS=q"F (39)
Se Se

trongdo: [Bp] & ma tén chuyn déi luc bd mat, néduoc xacdinh tir cAc ma tin dinh \i va cac
ham ding nhr sau:

[Bo]=[Lp]IN; N,.......Ng] (40)

_ Trong twrong hyp tong quét, Bu coi cAc di trong tAc ding Ién ngt trung binh da tim,
bao @m céc 4i trong tac ding trong nat phang tam va I€ ca tai trong tac ding vudng goc &i bé
mat, thiLp la ma tin don vi c6 kich thrge (5x5).

Thay (31), (32) va (39) vao (30) ta thuoc: [K [o} ={F},1a h¢ phuong trinh PTHH én
thiét 1ap.

4. Két luan

Vé6i muc dich xay drg mé hinh pin tr phuc vu cho bai toan & cau tim c6 ganang
cing ¢ dang ng quat, kic phic nhiing han ché cia nhitng mé hinh pin tir truyén thing, bao
c&o nayda thiét 1ap dugc md hinh phn tir to hop giira pHin tir tim va thanh pln gan clu ubn.
Md hinh nay cho phép ammg ddi véi cac Kt ciu o dang ng quat, g thé 1a co thé ap ding ddi
vé6i cac Kt ciu co $ luong gan Bt ky, huéng gan khéng rét thiét phai song song §i cac anh
bén @a tim. Pay chinh la tinlru viét ndi bat caa mé hinh pin tir méi dugc xay drng, 6 ki ning
khic phuc nhiing han ché caa cac md hinh PTHHadg im va ding gan trugn thing \an duoc st
dung trong Au hét cac nghiénieu vé co hoc két ciu composite trong va ngoairéc hién nay. Ma
tran d6 cang pHin tir to hop da xay ang dbi véi phan tir tam giac Bc 2, dra trén ly thugt tim
Mindlin.

Viéc xay drng thuit toan PTHH va dlong trinh tinh toanddé khao séat cac bai toan
tinh vadong cac Kt ciu tim c6 ganing arng bing Vat liéu compositedp € duoc nhdm tac g
tiép tuc trinh bay trong cac béao céo khag tiép thedd
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TOm tit

Bai bao nayap trung vao Wc nghién ¢u xay dmg mo hinh pﬁn tr hitu han 6 hop
gitta phin tir tim Voi phan tir gan trugn thong. Nhy mé hinh nay, 4n dé tinh toan va phan tich
co hoc cac Kt ciu tim compositedp cé gan ang amng king phrong phap pﬁn tr htru han
(PTHH) c6 tt¢ duoc giai quyét & dang Hng quat so & cac ding phin tir truyen thdng khac. Ni
dung chinhdugc trinh bay trong béao céo la xayrdy ma tan d6 cang phin tr cho pln tir tim
tam giac 6 nat mauoc t hop voi phn tir dim, dra trén tr trdng chugn vi caa pHin tr dam
dugc noi suy fr truc tiép tir cAc nat da pHin tir tim. Trongdo, ly thuyét tim duoc ar dung 12 ly
thuyét chuyén vi bac nhit caa Mindlin.

Summary

Building stiffness matrix of stiffened-plate elemenhto applyi in laminated composite
stiffened-plate analysis using finite element metltb

This paper concentrates on building finite elenmanteling, which is the combination
of traditional plate element and beam plate. Basethis element, the calculation and analysis
of laminated composite stiffened-plate mechanigal&ing finite element method (FEM) should
be resolved in general forms. Main content of thpep is steps to build of stiffned matrix for 6
node triangular elements; the new element is coatbih of plate and beam elements. The
solution is based on beam element’'s displacemeid fs interpolated from plate element’s
nodes. In which, the Mindlin plate theory was apgbli
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