
Library of Congress Cataloging-in-Publication Data
Mattis, Daniel Charles, 1932–

Statistical mechanics made simple : a guide for students and researchers / Daniel C. Mattis.
p. cm.

Includes bibliographical references and index.
ISBN  981-238-165-1 -- ISBN  981-238-166-X (pbk.)
 1. Statistical mechanics.   I. Title.

QC174.8.M365    2003
530.13--dc21 2003042254

British Library Cataloguing-in-Publication Data
A catalogue record for this book is available from the British Library.

For photocopying of material in this volume, please pay a copying fee through the Copyright
Clearance Center, Inc., 222 Rosewood Drive, Danvers, MA 01923, USA. In this case permission to
photocopy is not required from the publisher.

All rights reserved. This book, or parts thereof, may not be reproduced in any form or by any means,
electronic or mechanical, including photocopying, recording or any information storage and retrieval
system now known or to be invented, without written permission from the Publisher.

Copyright © 2003 by World Scientific Publishing Co. Pte. Ltd.

Published by

World Scientific Publishing Co. Pte. Ltd.

5 Toh Tuck Link, Singapore 596224

USA office:  Suite 202, 1060 Main Street, River Edge, NJ 07661

UK office:  57 Shelton Street, Covent Garden, London WC2H 9HE

Printed in Singapore.



February 18, 2003 16:28 WorldScientific/Statistical Mechanics Made Simple smms

Publishers’ page

iv



February 18, 2003 16:28 WorldScientific/Statistical Mechanics Made Simple smms

Contents

Preface ix

Introduction: Theories of Thermodynamics, Kinetic Theory and

Statistical Mechanics xiii

Chapter 1 Elementary Concepts in Statistics

and Probability 1

1.1. The Binomial Distribution . . . . . . . . . . . . . . . . . . . . . 1

1.2. Length of a Winning Streak . . . . . . . . . . . . . . . . . . . . 3

1.3. Brownian Motion and the Random Walk . . . . . . . . . . . . . 4

1.4. Poisson versus Normal (Gaussian) Distributions . . . . . . . . . 5

1.5. Central Limit Theorem (CLT) . . . . . . . . . . . . . . . . . . . 9

1.6. Multinomial Distributions, Statistical Thermodynamics . . . . . 12

1.7. The Barometer Equation . . . . . . . . . . . . . . . . . . . . . . 14

1.8. Other Distributions . . . . . . . . . . . . . . . . . . . . . . . . . 14

Chapter 2 The Ising Model and the Lattice Gas 17

2.1. Some Background and Motivation . . . . . . . . . . . . . . . . . 17

2.2. First-Principles Statistical Theory of Paramagnetism . . . . . . 18

2.3. More on Entropy and Energy . . . . . . . . . . . . . . . . . . . 21

2.4. Some Other Relevant Thermodynamic Functions . . . . . . . . 21

2.5. Mean-Field Theory, Stable and Metastable Solutions . . . . . . 23

2.6. The Lattice Gas . . . . . . . . . . . . . . . . . . . . . . . . . . . 26

2.7. The Nearest-Neighbor Chain: Thermodynamics in 1D . . . . . 26

2.8. The Disordered Ising Chain . . . . . . . . . . . . . . . . . . . . 28

2.9. Other Magnetic Systems in One Dimension . . . . . . . . . . . 28

v



February 18, 2003 16:28 WorldScientific/Statistical Mechanics Made Simple smms

vi Statistical Mechanics Made Simple

Chapter 3 Elements of Thermodynamics 31

3.1. The Scope of Thermodynamics . . . . . . . . . . . . . . . . . . 31

3.2. Equations of State and Some Definitions . . . . . . . . . . . . . 32

3.3. Maxwell Relations . . . . . . . . . . . . . . . . . . . . . . . . . 35

3.4. Three Important Laws of Thermodynamics . . . . . . . . . . . 35

3.5. The Second Derivatives of the Free Energy . . . . . . . . . . . . 38

3.6. Phase Diagrams for the van der Waals Gas . . . . . . . . . . . . 39

3.7. Clausius–Clapeyron Equation . . . . . . . . . . . . . . . . . . . 43

3.8. Phase Transitions . . . . . . . . . . . . . . . . . . . . . . . . . . 46

3.9. The Carnot Cycle . . . . . . . . . . . . . . . . . . . . . . . . . . 49

3.10. Superconductivity . . . . . . . . . . . . . . . . . . . . . . . . . . 51

Chapter 4 Statistical Mechanics 55

4.1. The Formalism — and a False Start . . . . . . . . . . . . . . . 55

4.2. Gibbs’ Paradox and Its Remedy . . . . . . . . . . . . . . . . . . 58

4.3. The Gibbs Factor . . . . . . . . . . . . . . . . . . . . . . . . . . 59

4.4. The Grand Ensemble . . . . . . . . . . . . . . . . . . . . . . . . 60

4.5. Non-Ideal Gas and the 2-Body Correlation Function . . . . . . 62

4.6. The Virial Equation of State . . . . . . . . . . . . . . . . . . . . 64

4.7. Weakly Non-Ideal Gas . . . . . . . . . . . . . . . . . . . . . . . 65

4.8. Two-body Correlations . . . . . . . . . . . . . . . . . . . . . . . 68

4.9. Configurational Partition Function in 1D . . . . . . . . . . . . . 73

4.10. One Dimension versus Two . . . . . . . . . . . . . . . . . . . . 75

4.11. Two Dimensions versus Three: The Debye–Waller Factors . . . 77

Chapter 5 The World of Bosons 83

5.1. Two Types of Bosons and Their Operators . . . . . . . . . . . . 83

5.2. Number Representation and the Many-Body Problem . . . . . 86

5.3. The Adiabatic Process and Conservation of Entropy . . . . . . 88

5.4. Many-Body Perturbations . . . . . . . . . . . . . . . . . . . . . 89

5.5. Photons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90

5.6. Phonons . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93

5.7. Ferromagnons . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

5.8. Conserved Bosons and the Ideal Bose Gas . . . . . . . . . . . . 99

5.9. Nature of “Ideal” Bose–Einstein Condensation . . . . . . . . . . 101

5.10. Ideal Bose-Einstein Condensation in Low Dimensions . . . . . . 104

5.11. Consequences of a Hard Core Repulsion in 1D . . . . . . . . . . 106

5.12. Bosons in 3D Subject to Weak Two-Body Forces . . . . . . . . 109

5.13. Superfluid Helium (He II) . . . . . . . . . . . . . . . . . . . . . 114



February 18, 2003 16:28 WorldScientific/Statistical Mechanics Made Simple smms

Contents vii

Chapter 6 All About Fermions: Theories of Metals,

Superconductors, Semiconductors 119

6.1. Fermi–Dirac Particles . . . . . . . . . . . . . . . . . . . . . . . . 119

6.2. Slater Determinant: The Ground State . . . . . . . . . . . . . . 120

6.3. Ideal Fermi–Dirac Gas . . . . . . . . . . . . . . . . . . . . . . . 121

6.4. Ideal Fermi–Dirac Gas with Spin . . . . . . . . . . . . . . . . . 123

6.5. Fermi Integrals . . . . . . . . . . . . . . . . . . . . . . . . . . . 124

6.6. Thermodynamic Functions of an Ideal Metal . . . . . . . . . . . 125

6.7. Quasiparticles and Elementary Excitations . . . . . . . . . . . . 128

6.8. Semiconductor Physics: Electrons and Holes . . . . . . . . . . . 130

6.9. n-Type Semiconductor Physics: The Statistics . . . . . . . . . . 131

6.10. Correlations and the Coulomb Repulsion . . . . . . . . . . . . . 132

6.11. Miscellaneous Properties of Semiconductors . . . . . . . . . . . 135

6.12. Aspects of Superconductivity: Cooper Pairs . . . . . . . . . . . 137

6.13. Aspects of BCS Theory . . . . . . . . . . . . . . . . . . . . . . 140

6.14. Contemporary Developments in Superconductivity . . . . . . . 146

Chapter 7 Kinetic Theory 149

7.1. Scope of This Chapter . . . . . . . . . . . . . . . . . . . . . . . 149

7.2. Quasi-Equilibrium Flows and the Second Law . . . . . . . . . . 150

7.3. The Collision Integral . . . . . . . . . . . . . . . . . . . . . . . 151

7.4. Approach to Equilibrium of a “Classical” Non-Ideal Gas . . . . 154

7.5. A New Look at “Quantum Statistics” . . . . . . . . . . . . . . 156

7.6. Master Equation: Application to Radioactive Decay . . . . . . . 158

7.7. Boltzmann Equation . . . . . . . . . . . . . . . . . . . . . . . . 160

7.8. Electrical Currents in a Low-Density Electron Gas . . . . . . . 162

7.9. Diffusion and the Einstein Relation . . . . . . . . . . . . . . . . 165

7.10. Electrical Conductivity of Metals . . . . . . . . . . . . . . . . . 165

7.11. Exactly Solved “Backscattering” Model . . . . . . . . . . . . . 166

7.12. Electron-Phonon Scattering . . . . . . . . . . . . . . . . . . . . 169

7.13. Approximating the Boltzmann Equation . . . . . . . . . . . . . 170

7.14. Crossed Electric and Magnetic Fields . . . . . . . . . . . . . . . 171

7.15. Propagation of Sound Waves in Fluids . . . . . . . . . . . . . . 173

7.16. The Calculations and Their Result . . . . . . . . . . . . . . . . 178

Chapter 8 The Transfer Matrix 183

8.1. The Transfer Matrix and the Thermal Zipper . . . . . . . . . . 183

8.2. Opening and Closing a “Zipper Ladder” or Polymer . . . . . . 186

8.3. The Full Zipper (N > 2) . . . . . . . . . . . . . . . . . . . . . . 190



February 18, 2003 16:28 WorldScientific/Statistical Mechanics Made Simple smms

viii Statistical Mechanics Made Simple

8.4. The Transfer Matrix and Gaussian Potentials . . . . . . . . . . 191

8.5. Transfer Matrix in the Ising Model . . . . . . . . . . . . . . . . 192

8.6. The Ising Ladder or Polymer . . . . . . . . . . . . . . . . . . . 195

8.7. Ising Model on the Isotropic Square Lattice (2D) . . . . . . . . 196

8.8. The Phase Transition . . . . . . . . . . . . . . . . . . . . . . . . 201

8.9. A Question of Long-Range Order . . . . . . . . . . . . . . . . . 202

8.10. Ising Model in 2D and 3D . . . . . . . . . . . . . . . . . . . . . 204

8.11. Antiferromagnetism and Frustration . . . . . . . . . . . . . . . 206

8.12. Maximal Frustration . . . . . . . . . . . . . . . . . . . . . . . . 208

8.13. Separable Model Spin-Glass without Frustration . . . . . . . . 210

8.14. Critical Phenomena and Critical Exponents . . . . . . . . . . . 212

8.15. Potts Models . . . . . . . . . . . . . . . . . . . . . . . . . . . . 215

Chapter 9 Some Uses of Quantum Field Theory in

Statistical Physics 219

9.1. Outline of the Chapter . . . . . . . . . . . . . . . . . . . . . . . 219

9.2. Diffusion on a Lattice: Standard Formulation . . . . . . . . . . 219

9.3. Diffusion as Expressed in QFT . . . . . . . . . . . . . . . . . . 222

9.4. Diffusion plus One-Body Recombination Processes . . . . . . . 225

9.5. Diffusion and Two-Body Recombination Processes . . . . . . . 226

9.6. Questions Concerning Long-Range Order . . . . . . . . . . . . . 228

9.7. Mermin–Wagner Theorem . . . . . . . . . . . . . . . . . . . . . 230

9.8. Proof of Bogolubov Inequality . . . . . . . . . . . . . . . . . . . 233

9.9. Correlation Functions and the Free Energy . . . . . . . . . . . . 234

9.10. Introduction to Thermodynamic Green’s Functions . . . . . . . 237

Index 245



March 21, 2003 9:36 WorldScientific/Statistical Mechanics Made Simple smms

Preface

I dedicate this book to those generations of students who suffered
through endless revisions of my class notes in statistical mechanics and,
through their class participation, homework and projects, helped shape the
material.
My own undergraduate experience in thermodynamics and statistical me-

chanics, a half-century ago at MIT, consisted of a single semester of Sears’
Thermodynamics (skillfully taught by the man himself.) But it was a subject
that seemed as distant from “real” physics as did poetry or French literature.
Graduate study at the University of Illinois in Urbana-Champaign was not
that different, except that the course in statistical mechanics was taught by
the brilliant lecturer Francis Low the year before he departed for. . . MIT.
I asked my classmate J.R. Schrieffer, who presciently had enrolled in that
class, whether I should chance it later with a different instructor. He said
not to bother — that he could explain all I needed to know about this topic
over lunch.
On a paper napkin, Bob wrote “e−βH”. “That’s it in a nutshell!” “Surely

you must be kidding, Mr Schrieffer,” I replied (or words to that effect.) “How
could you get the Fermi-Dirac distribution out of THAT? “Easy as pie,” was
the replya. . . and I was hooked.
I never did take the course, but in those long gone days it was still pos-

sible to earn a Ph.D. without much of a formal education. Schrieffer, of
course, with John Bardeen and Leon Cooper, went on to solve the statistical
mechanics of superconductors and thereby earn the Nobel prize.
The standard book on statistical physics in the late 1950’s was by T. L.

Hill. It was recondite but formal and dry. In speaking of a different text that
was feebly attempting the same topic, a wit quipped that “it was not worth

aSee Chapter 6.

ix
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a bean of Hill’s.” Today there are dozens of texts on the subject. Why add
one more?
In the early 1960’s, while researching the theory of magnetism, I de-

termined to understand the two-dimensional Ising model that had been so
brilliantly resolved by Lars Onsager, to the total and utter incomprehension
of just about everyone else. Ultimately, with the help of Elliot Lieb and Ted
Schultz (then my colleagues at IBM’s research laboratory,) I managed to
do so and we published a reasonably intelligible explanation in Reviews of
Modern Physics. This longish work — parts of which appar in Chapter 8
— received an honorable mention almost 20 years later, in the 1982 Nobel
lecture by Kenneth G. Wilson, who wrote:
“In the summer of 1966 I spent a long time at Aspen. While there I carried

out a promise I had made to myself while a graduate student, namely [to
work] through Onsager’s solution of the two- dimensional Ising model. I
read it in translation, studying the field-theoretic form given in Lieb, Mattis
and Schultz [’s paper.] When I entered graduate school I had carried out
the instructions given to me by my father and had knocked on both Murray
Gell-Mann’s and [Richard] Feynman’s doors and asked them what they were
currently doing. Murray wrote down the partition function of the three-
dimensional Ising model and said it would be nice if I could solve it. . . .
Feynman’s answer was “nothing.” Later, Jon Mathews explained some of
Feynman’s tricks for reproducing the solution for the two-dimensional Ising
model. I didn’t follow what Jon was saying, but that was when I made my
promise. . . . As I worked through the paper of Mattis, Lieb and Schultz I
realized there should be applications of my renormalization group ideas to
critical phenomena. . .”b

Recently, G. Emch has reminded me that at the very moment Wilson was
studying our version of the two-dimensional Ising model I was attending a
large IUPAP meeting in Copenhagen on the foundations and applications of
statistical mechanics. My talk had been advertised as, “The exact solution
of the Ising model in three dimensions” and, needless to say, it was well
attended. I did preface it by admitting there was no exact solution but that
— had the airplane taking me to Denmark crashed — the title alone would
have earned me a legacy worthy of Fermat. Although it was anticlimactic, the
actual talkc demonstrated that in 5 spatial dimensions or higher, mean-field
theory prevails.

bFrom Nobel Lectures in Physics (1981–1990), published by World Scientific.
cIt appeared in the Proceedings with a more modest title befitting a respectable albeit
approximate analysis.
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Preface xi

In the present book I have set down numerous other topics and tech-
niques, much received wisdom and a few original ideas to add to the “hill
of beans.” Whether old or new, all of it can be turned to advantage. My
greatest satisfaction will be that you read it here first.

D.C.M.
Salt Lake City, 2003
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