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LGi cam on

Luan van nay dugc hoan thanh trong khéa 17 dao tao Thac si cua
truong Dai hoc Su pham - Dai hoc Thai Nguyén, dudi sy huéng dan ciia
TS. Nguyén Vian Hoang, Truong Dai hoc Su pham-Dai hoc Théai Nguyeén.
To6i xin bay té long biét on chan thanh t6i thay huéng dan, nguoi da tao
cho t6i mot phuong phap nghién ctu khoa hoc ding dan, tinh than lam
viéc nghiém tac va da danh nhiéu thoi gian, cong stc gitp dé toi hoan
thanh luan van.

Toi cling xin bay t6 long cAm on sau sic téi cac thay co gido clia truong
Dai hoc Thai Nguyén, Vién Toan hoc, nhitng ngusi da tan tinh giang day
va khich 1&, dong vién t6i vugt qua nhitng kho khan trong hoc tap.

T6i xin chan thanh cam on Ban lanh dao Khoa Sau dai hoc, Truong Dai
hoc Su pham - Dai hoc Théai Nguyén; Truosng THPT Cao Loc, s6 GD&DT
- Tinh Lang Son da tao moi diéu kién thuan lgi, gitp dd toi trong sudt
thoi gian t6i hoc tap.

Cubi cung, toi xin cAm on ban be, ngudi than da dong vién, ting ho
t6i c& ve vat chat va tinh than dé to6i ¢6 thé hoan thanh tét khoéa hoc ctia

minh.
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MG dau

Cho R la vanh giao hoan Noether, I la idéan cia R, va K 1la R—modun.
K duge goi 1a modun I —cofinite néu Supp(K) C V(I) va Exth(R/1, K)
14 hitu han sinh v6i moi ¢ > 0 (xem [7]). Tinh cofinite cho cac modun duge
gi6i thieu bdi Hartshorne trén mot bai bédo ding trén tap chi ndi tiéng
Inventiones Mathematica nam 1970, 6 d6 6ng chitng minh rang H }(M ) 1a
I—cofinite v6i moi j néu R 1a vanh chinh quy dia phuong day du va I 1a
idean chinh ho#c I 1a idéan nguyeén t6 chiéu bing 1. Cu thé 1a két qua sau:
Dinh 1y. (Hartshorne [7]) Néu R la vanh chinh quy dia phuong day du,
M la R—modun hiu han sinh va I la idéan cia R thoa man mot trong hat
dieu kién sau

(a) I la idéan nguyén to p sao cho dim R/p = 1;
(b) I la idéan chinh khdc khong.

thi HJ(M) la modun I— cofinite vdi moi j.
Mot khodng thdi gian sau do, két qua (a) ctia Hartshorne da duge md
rong t6i mot s6 trudng hop vanh R giao hoan dia phuong Noether tong
quat hon: I khong nhat thiét 13 idéan nguyén t6, nhung van c6 diéu kien
dim R/I = 1. C. Huneke-J. Koh [8] chiing minh két qua nay khi R 1a mién
nguyeén Gorenstein dia phuong day du. Tiép dén, Delfino [4] dd md rong
két qua t6i mién nguyen dia phuong day du chita mot truong. Dén nam
1997, Delfino-T. Marley [5], va K. Yoshida [19] d& ching minh dugdc céc
két qua d6 van dung cho idéan I ¢6 dim R/I = 1 trong vanh dia phuong
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Noether tuy . Gan day nhat, nam 2009, K. Bahmanpour-N. Naghipour
2] d& m6 rong két qua t6i trudng hop R 1a vanh giao hoan Noether (khong
nhat thiét dia phuong). Cu thé 1a dinh 1y sau day:

Dinh ly 0.0.1. ([2, Dinh ly 2.6]) Gid st R la vanh giao hodn Noether,
I la idéan cia R, va M la R—moédun hitu han sinh. Cho t la so nguyén
khong am sao cho dim Supp(Hy(M)) < 1 vdi moi i < t. Khi dé cic phdt
biéu sau la ding:

(i) R—modun HY(M) la I—cofinite vdi moi i < t;

(ii) R—modun Hompg(R/I, HY(M)) la hitu han sinh.

Bén canh nhitng bai toan md rong két qua (a) ctia Hartshorne nhu
da neéu trén, ngudi ta cling quan tam dén viéc md rong két qua (b) cla

Hartshorne. Nam 1998, K. Kawasaki [9] da chiing minh dugc két qua sau:

Dinh 1y 0.0.2. [9, Dinh Iy 1] Cho R la vanh giao hodan Noether, I = Rx la
idean chinh, va M la R—modun hitu han sinh. Khi d6 Extiy(R/1, H}(M))

la R—modun hitu han sinh vér moi 1, j.

Luu y rang trong truong hgp (R,m) la vanh giao hoan dia phuong
Noether, nguoi ta thay rang mot modun 14 m—-cofinite néu va chi néu né
la modun Artin. Mat khéc, L. Melkersson [12] da ching minh duge H}' (M)
134 modun Artin v6i moi idéan I va M 14 R—modun hitu han sinh chiéu n.
Tit d6, nhu hé qua hién nhién, ta suy ra rang H7 (M) 1a modun m—cofinite.

Sau do, Delfino-Marley [5] chiing minh dugce két qua manh hon nhu sau:

Dinh 1y 0.0.3. ([5, Dinh 1y 3]) Cho (R, m) la vanh giao hoan dia phuong
Noether, I la idéan cia R va M la R—modun hitu han sinh chiéu n. Khi

do H} (M) la I—cofinite.

Muc dich cia luan van nay 1a trinh bay chi tiét lai cac chiing minh ctia

cac Dinh 1y 0.0.1, 0.0.2, 0.0.3 nhu da néu trén, cac chiing minh nay dya
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trén bon bai béo chinh 1a [1], [2], [5], [9]. Luan van dugc chia lam 3 chuong.
Chuong 1 trinh bay nhitng kién thtc co sé can thiét duge ding dé ching
minh céc két qua & cac chuong sau. Mot s6 kién thitc duge trinh bay 6 day
1a: modun Ext, biéu dién thit cAp clia médun Artin, modun déi dong dieu
dia phuong, Dinh Iy triet tiéu Grothendieck, déi ngau Matlis. Chuong 2
danh dé trinh bay chiing minh chi tiét cho Dinh 1y 0.0.1. Bén canh d6 mot
s6 hé qua quan trong ctia Dinh 1y 0.0.1 cling dugc trinh bay. Chuong 3 sé
chting minh chi tiét cdc Dinh 1y 0.0.2 va 0.0.3.
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Chuong 1

Kién thitc chuan bi

Chuong nay nhéc lai mot s6 kién thiic co ban can thiét dé sit dung trong
cac chuong ve sau. Mot s6 kién thitc duge trinh bay ¢ day 1a: modun Ext,
biéu dién thit cip ctia moédun Artin, moédun déi dong diéu dia phuong, d6i

ngau Matlis, Dinh 1y triét tiéu Grothendieck.

1.1 Ham t&¥ md réong va ham t& xoan

Cac kién thic ciia muc ndy duge trich theo cudn sach [15].

Dinh nghia 1.1.1. Cho M, N la caAc R—modun va n > 0 1a mot s6 tu
nhién. Modun dan xuat phéi thit n ctia ham tit Hom(—, N) tng v6i M duge
goi 1a médun md rong thi n cia M va N va duge ki hiéu 1a Extz (M, N).
Cu the, dé xay dung Exth(M, N) ta liy mot gidi xa anh ctia M

U u

sy Py —5 P, —5 Py — M — 0.

Tac dong ham tt Hom(—, V) vao day khdp trén ta c6 doi phic
0 — Hom(Py, N) - Hom(Pi, N) 2 Hom(Py, N) —s . ...

Khi d6 Exti(M, N) = Keru},,/Imu la modun d6i dong diéu thit n cia
d6i phric tréen (modun nay khong phu thudc vao viéc chon gidi xa anh cla

M).

S6 héa béi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://'www.lrc-tnu.edu.vn



Luu ¥ rang ngudi ta cling c6 the xay dung Extlh(M, N) nhu sau: lay
giai noi xa cuia N
0N EO S gty 2
Tac dong ham tit Hom (M, —) vao day trén ta duge phic
0 — Hom(M, E°) 5 Hom(M, E') 5 Hom(M, E?) - ...

n—1 n
... = Hom(M, E") = ...
Khi d6 Ext,(M, N) = Kerv”/Im v 1.
Dinh nghia 1.1.2. Cho M, N 1a cidc R-modun va n > 0 1a mot s tu
nhién. Modun dan xuat trai thi n ciia ham tit — ® N tng véi M dude goi

13 modun zodn thit n ciia M va N va duge ki hieu la Tor® (M, N). Cu thé,

dé xay dung Tor; ta 1y mot dai xa anh ctia M

Téac dong ham tit — ® N vao day khép trén ta c6 phiic

o PN -SSP N -5 P oN— 0.
Khi d6 Tor’(M,N) = Kerv}/Imuv} ; 12 modun dong diéu thi n cia
phtc trén (modun nay khong phu thudc vao viéc chon giai xa dnh ctia M).

Sau day 1a mot s6 tinh chat co sé clia cdc modun Ext va Tor duge ding

trong luan van.

Meénh dé 1.1.3.

(a) Ext% (M, N) = Hom(M, N) va Torf(M,N) =~ M ® N.

(b) Néu M hodgc N la za dnh thy Tor® (M, N) = 0 vdi moin > 1.

(¢) Néu M la xa dnh hodc N la noi xa thy Exth,(M, N) = 0 vdi moin > 1.
7
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(d) Neu 0 — N' — N — N” — 0 la day khdp ngan thi ton tai cdc
dong ciu noi Exty(M, N") — Ext%™ (M, N') véi méi n > 0 sao cho ta
co day khop das
0 —» Hom(M, N') —s Hom(M, N) —s Hom(M, N") —s ExtL(M, N')
— Extp(M, N) — Exth(M, N") — Exth(M,N') — ...
(e) Neu 0 — M' — M — M" — 0 la day khdp ngan thi ton tai cdc

dong ciu néi Extly(M', N) — ExtH(M”, N) vdi méin > 0 sao cho ta

co day khop das
0 — Hom(M", N) — Hom(M, N) — Hom(M’, N) — Exth(M",N)
— Extp(M, N) — Exty(M', N) — Exti(M",N) — ...

Hé qua 1.1.4. Néu M, N hiu han sinh thi Extl(M, N) va Tor® (M, N)

la httu han sinh vo1 mot n.

Két qua duéi day cho ta tinh chat giao hoan giita modun Ext, Tor véi
ham tit dia phuong héa va sy tuong duong gitta hai ham ti Ext va Tor

trén vanh dia phuong day du.
Ménh dé 1.1.5. Néu S la tap dong nhan cia R thi ta cé cic ding cau
STHExth(M,N)) = Ext.p(S™'M,S™'N),

S~ (Tor™(M, N)) = Tor® B(S™'M,S™'N),

trong dé S™1 la ham i dia phuong héa. Pac biét,
(ExtRr(M, N)), = Extp (M, Np),

(Tor®(M, N)), = Torf(M,, N,)

vdi moi idéan nguyén to p ciua R.
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