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LGi cam on

Toi xin chan thanh bay t6 long biét on sau sic t6i cac thay co gido cla
truong Dai hoc Thai Nguyén, Vién Toan hoc, nhiing ngudi da tan tinh giang
day va khich 1&, dong vién t6i vugt qua nhitng kho khan trong hoc tap, va
da trang bi cho t6i day du kién thic dé lam nén tang cho qua trinh viét luan
van nay.

Luan van nay dugc hoan thanh trong khoa 17 dao tao Thac si cua truong
Dai hoc Su pham - Dai hoc Thai Nguyeén, dudi sy huéng dan ctia TS. Vii Thé
Khoi, Vien Toan hoc. Toi xin bay t6 long biét on chan thanh t6i thay hudéng
dan, nguoi da tao cho toi mot phuong phap nghién ctiu khoa hoc ding dan,
tinh than lam viéc nghiém ttc va da danh nhicu thoi gian, cong stc gitp do
toi hoan thanh luan van.

To6i xin chan thanh cdm on quy Thay Co trong hoi dong cham luan van
da danh thoi gian doc va déng gép nhiéu ¥ kién quy bau cho luan van.

Toi xin chan thanh cdm on Ban lanh dao truong Dai hoc Su pham - Dai
hoc Thai Nguyeén, khoa Sau dai hoc, da tao moi diéu kién thuan lgi, gitap do
toi trong sudt thoi gian toi hoc tap.

Cubi cling, t6i xin cdm on ban be, nguoi than da dong vien, ing ho toi ca
vé vat chat va tinh than dé toi ¢6 thé hoan thanh t6t khéa hoc ctia minh.
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(G161 thiéu

Chung ta da biét dén céc tong sau tit nhitng bai toan chiing minh bang
phuong phap quy nap:
1+2+3+4 ... +n="00

12422 4+ 3% 4 ... 4 n? = MeEUEED 2
3 3 3 3 n?n+1)? _ [n(n+1)
184284 304t = el nl) ]

o) day, ta tong quat hoa cac tong luy thita c6 dang nhu trén.
V6i n, k € N*, khi d6 ta c6 tong luy thita: op(n) = 1F + 2" + 38 + ...+ n".

Theo vi du nhu trén ching ta thay riang : o3 = o7 (1).

Khi d6 dat f(z,y) = 2> —y thi f(o1(n),o3(n)) =0 Vn.

N6i cach khac tap hop cac diem {(o1(n); 03(n))},_; , . déunam tren Parabol
c6 phuong trinh: y = x%.

Theo (1) thi oy va 03 ¢6 méi lien he véi nhau. O dé tai nay, ching ta sé
thay mot cach tiép can khac dé mé rong (1) dén mitc mo ta tat ca cic mdi
quan hé da thitc ton tai gitta bat ki hai ;. Bang phuong phap ctia hinh hoc
dai s6 ching ta di tim cac mbi quan he giita o; va o; hay tap hop céc diém

> =1(oi(n),o5(n)) :n=1,2,....}.

Bai luan van nay dudc viét dya trén bai bao ctia Beardon, A. F., Sums of
Powers of Integers, Amer. Math. Monthly, 103 (1996), no. 3, 201 - 213. Va
cac két qua : tit Vidu 1.2.1 dén Vidu 1.2.5; Vidu 1.3.2 dén Vi du 1.3.8 ; Vi
du 2.3.1 dén Vi du 2.3.6 ; Vi du 3.1.1 dén Vi du 3.1.4 va Vi du 4.2 & trong

luan van la do chiing t6i tu tinh toan.
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B6 cuc luan van duge chia thanh 4 chuong :

e Chuong 1: Cac s6 Bernoulli

Trong chuong nay ching toi trinh bay cac kién thic lien quan dén day
s6 Bernoulli : dinh nghia, cong thitc xac dinh, di tim mot s6 hang dau
ctia day s6 Bernoulli va tit d6 dua ra cac tinh chat va hé qua ciia ching.
Cubi cuing két hgp v6i sy khai trién ctia ham f(t) 6 ménh dé 1.2.7, ta
khang dinh dugc rang cic o,(n) 1a da thiic bién n c6 he s6 lien quan

dén cac sd6 Bernoulli.

e Chuong 2 : Cac da thic Faulhaber

Trong chuong nay ching toi trinh bay cac su biéu dién cta oj, qua oy
trong ca hai truong hgp k 1& va k chdn. Dua vao két qua do6, tim mot s6
mbi quan hé ban dau clia oy, va 0y tng véi nhiing gia tri k cu thé, va ti
moi quan hé nay ta thu duge cac da thic goi 1a cac da thitc Faulhaber.

e Chuong 3 : Quan hé da thic gitta o, va o;.
O day ching toi trinh bay méi lien quan gitta o; va o; bat ki, va cach
tim moi quan hé nay bang phuong phap khit bién. Bang cach tinh toan
thong thuong theo phuong phap dai s6 ching to6i tim dude cac moi quan
hé nay v6i cac trusng hop k cé gia tri nhoé. Dé c6 dude mot két qua tong
quat, ching toi trinh bay trong chuong nay mot phuong phap dung két
thitc khtt n hodic 0y dé tim mbi quan heé gitta o; va o;.

e Chuong 4 : Idéan cac da thiic va mo6i quan heé gitta cac két thic

Véi nhitng diéu da biét vé két thic & chuong 3, ta goi két thitc thu duoge
khi khit n tr 0; va 0, 1a R(f,g) v két thic thu duge khi khit oy tit o; va
o; 1a R*(f,g). O chuong nay ching toi trinh bay méi quan hé gita hai
két thic nay va 1y thuyét vé idean cac da thiec.
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Chuong 1

Cac so0 Bernoulli

1.1 Meénh deé

Cdc op(n) la cdc da thic bac k + 1 theo n.

Chitng minh :Ta ching minh quy nap theo k.

Truée hét ta xét mot s6 gia tri ban dau ctia k dé cho thay ring ménh dé
dung véi cac gia tri k nay.

Vé6i k=1, ta co :

o(n)=1+2+34+..... +n:@13dathﬁcbac2theon

Vay ménh dé dang véi k = 1.

Véi k = 2, ta co:

oa(n) = 12422432+ ... +n? = “HUEED 1y da thite theo 1 ¢6 bac 1a 3.

Vay ménh dé dang véi k = 2.

Bay gio ta gia st ménh dé dung véi o;,_1(n) 1a da thic c6 bac 1a k.
Ta can ching minh dung véi o, (n) c6 bac k + 1.
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EE(T s (M) B
—é(k:1>ar(n)—§<k:1)0r(n)+(l€+1)ak( ).

Rit o,(n) tit dang thiic trén ta duge oi(n) 1a da thiic bac k + 1 theo n.

Vay céac op(n) la cac da thic bac k 4 1 theo n. ]

1.2 Dinh nghia

Cho day s6 B,,, n > 0 vdi s6 hang dau tién By = 1, cdc so hang tiép theo

i(mﬂ>3j:0.

j=0 J

dugc cho bdi cong thic truy hoi sau:

Day s6 trén duge goi la day s6 Bernoulli.
( Xem tai ligu tham khao [3]- trang 229 )

Mot s6 s6 hang dau ctia day s6 Bernoulli:

J=0

2 2
<:> B()—|— B1:0

0 1
S By+2B=0&1+2B,=0
Vay ta tinh duoc By = —%.

L[ 2
Vidu 1.2.1. Végim =1, ta cé: > ( _ )Bj =0
' J

2 (3
Vidu 1.2.2. Véim =2, ta cé: > ( ) B; =0

=0\ J

J
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o () () (2 o

1

Vay ta tinh dugc By = %.
50 ( 4
Vidul23. Voaim=3,taco: > | . | B;=0

7=0 \ J

4 4 1 4

~ BO —|— Bl + BQ + BS - 0
0 1 2 3
<:>BO—|—4Bl+6BQ+4Bgzo

1. 1
& 1+4(—5) +65+4B, =06 4B, =0= B, =0

Vay ta tinh duoc Bs = 0.

4 )
Vidu 1.2.4. Véim =4, ta cé: > ( ' ) B;=0
=0 \_J

o (2)me () () e () e () o

& 1+5(—3)+10: +5B,=0

_ 1 1
& 0By =—;= B;=—3;.
Vay ta tinh duoc By, = —3—10.

5. (6
Vidu 1.2.5. Vdim =5, ta cé: >, ( ' ) B;=0
=0 \_J

o () () () (Y () () 0
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< 14+6(—3)+ 152 +15(—5) +6B; =0
& 6B =0= B; =0.

Vay ta tinh duoc Bs = 0.

Nhan xét 1.2.6. . T cdc tinh todn & trén ta nhan thay rang cdc s6 Bernoulli
ting vdi hai 0 k 1é la By = By = 0. Diéu nay ciing ding cho su md rong cdc
s6 Bernoulli Boj,y =0 voi k =1,2,... ..

Dé chiing minh nhan xét mé rong & trén, ta di xét ménh dé sau va tit do

¢6 duge hé qua.

Ménh dé 1.2.7. . Khi khai trién ham so f(t) = <= theo chudi lugj thua

et—1

quanh diém t = 0, ta dugc: ett—1 = > B, (%)
m=0 )

Trong do: e' =

m=0

tm

m!’

Chiing minh :

= bm% (*). Ta sé chiing minh b,, = B,,.

m=0

Gia su:

t

et—1

Tacoet=3 Bol4tplipty

a Co. € = Om! - T o ETRRLENEERED
m=

o0 tm
>

m=1

2 3
Suyraet—lzﬁ—l—%—i—g—!—i— .....

Tit (*) taco: t = (e' —1) 3 b, L <Z %) (Z bmf%>
m=0 ' m=1 """ m=0 .
:(%+t2_2!+§_?;_|_ ..... )(bo—Fbl%—szg—l— ..... )

So sanh hai vé ta thay:
Vé trai chi c6 thanh phan bac 1 theo t c6 hé s6 1a 1.
Tt d6 suy ra vé phai chi ton tai hé s6 bac 1 clia t, con cac hé sd ting vdi
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thanh phan bac 2 trd lén theo t déu bang 0.
+ Thanh phan bac 1 :
bos; = bot = by =1
Vay hé s6 by = 1.
+ Thanh phan bac 2 :

bo +b11'1|:(b§0+bl)t2:>%0+61:0

=14+ =0=0b=—
+ Thanh phan bac 3 :

bo +b11,2, +b22'1| = (%+%+%)t3

1
=4l 2420 b =1
+ Tuong ty dén thanh phan bac k 1 :

9 ¢F
0! k'

tl tk 1 t2 tk tk 1 tl
SIREICT R i R + g

bogr + 01

(bO Olkltk + bl 1(k

L k=1 Lk k=1 k
—EY bl ) =2h ) =0,Vk=2,34,...
" j=0 ] 7=0 J

Thay k = m + 1 ta dugc :

k k! k
k4 b 1Wt)

m 1
ij<m,+ >:0,v1<::1,2,3,4, ...... = B, = b,
=0 J

(0.) tm
1 — ZO Bm%
m=

Hé qua 1.2.8. T cdch ching minh ménh dé trén, ta cé thé két luan duoc
B2k+1 == O, \V/]{I == 1, 273,4 ......

Chiing minh : That vay, ta c6: = =1—14+ 3 Bm%
m=2
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