DAI HOC THAI NGUYEN
TRUONG PAI HQC SU PHAM
= e

NGUYEN VIET HUONG

VE CAC TAP GIA GIA VA QUY TICH
KHONG COHEN - MACAULAY CUA CAC
MODPUN HUU HAN SINH

Chuyén nganh: PAI SO VA LY THUYET SO
Mai s0: 60 46 05

LUAN VAN THAC SI TOAN HOC

Ngudi huwéng din khoa hoc: PGS.TS. LE THI THANH NHAN

THAI NGUYEN - 2011

S6 héa boi Trung tdm Hoc liéu — Pai hoc Thai Nguyén http://www.Irc-tnu.edu.vn




Muc luc

Loi cam on

1 Vanh va médun Cohen-Macaulay
1.1 Chudnbi vé chiu . . . . . . . . . i i
1.2 Chuin bi vé ddy chinhquy vadosau . . . ... ... ... ........
1.3 Vanh va médun Cohen-Macaulay . . . ... ... ... ... .......
1.4 Lién hé v6i tinh khong tron 1an va tinh catenary phd dung . . . . . . . . .

1.5 Dac trung dong diéu cia modun Cohen-Macaulay . . . . . ... ... ..

2 Gia gia va quy tich khong Cohen-Macaulay
2.1 Tapgiagidvamotsdtinhchat . . ... ... ... ... .........
2.2 Mo ta quy tich khong Cohen-Macaulay qua gia gia. . . . . ... ... ..
2.3 Quy tich khong Cohen-Macaulay va diéu kién Serre . . . . ... ... ..

Tai liéu tham khao . . ... ... ... ... ... ...... . .....

S6 héa béi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://'www.lrc-tnu.edu.vn

11
14
16



LOI CAM OGN

Luan van nay dugc hoan thanh dudi su hudng dan tan tinh, nghiém
khac ctia PGS.TS Lé Thi Thanh Nhan. Nhan dip nay toi xin chan thanh
bay to long biét on sau sac tdi co.

Toi xin bay to long biét on téi GS. TSKH Nguyén Tu Cuong, PGS. TS
Nguyén Quoc Thang, PGS.TSKH Phung H6 Hai, TS Vi Thé Khoi va céc
thay co gido Truong Dai hoc su pham - Dai hoc Thai Nguyén da tan tinh
giang day va gidp dd toi trong suot thoi gian hoc tap tai Truong.

T6i cling rat biét on can bo, Gido vién truong THPT Luong Ngoc Quyén
noi to6i dang cong tdc, da tao moi diéu kién dé toi hoan thanh k& hoach
hoc tap cta minh.

Cudi clung toi xin bay to long biét on téi nguoi than, ban bé da ludn

gitip dd, dong vién dé toi hoan thanh cong viéc.
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LOI NOI DAU

Trong su6t luan van, luon gia thiét (R, m) 1a vanh Noether dia phuong
va M la R-modun hitu han sinh. Ta luén c¢6 dim M > depth M. Néu
dim M = depth M thi ta n61 M la modun Cohen-Macaulay. Vanh R
dugce goi la vanh Cohen-Macaulay néu né la R-mo6dun Cohen-Macaulay.
L6p vanh va modun Cohen-Macaulay 1a mot trong nhitng 16p vanh va
modun quan trong nhat cua Pai s6 giao hodn. Ching con xuat hién trong
nhiéu Iinh vuc khdc cia todn hoc nhu Pai so t6 hop, Dai s6 dong diéu,
Hinh hoc dai s6.

Quy tich khong Cohen-Macaulay cua M, ki hiéu bdi nCM (M), duge
xac dinh badi cong thiic

nCM(M) = {p € Spec(R) | M, khong la Cohen-Macaulay }.

Nhiéu nha toan hoc da ching minh tinh déng cta quy tich khong Cohen-
Macaulay ctia cic R-modun hitu han sinh khi vanh co s& R la vanh thuong
ctia vanh Gorenstein (chang han nhu P. Schenzel [S]). Cling v6i gia thiét
nay, nam 1991, N. T. Cuong [C] da xdc dinh chiéu cia nCM (M) thong
qua mot bat bién goi 1a kiéu da thitc cua M.

Gan day, nam 2010, N. T. Cuong, N. T. K. Nga, L. T. Nhan [CNN] da
mo ta quy tich khong Cohen-Macaulay cua M thong qua cdc tap gia gia
cua M trong trudng hop téng quat (khong cin bat ¢t diéu kién gi cia R),
trong d6 tap gid gid thi i cua M, ki hiéu boi Psuppy M, duge dinh nghia
bdi M. Brodmann va R.Y. Sharp [BS1] nhu sau

Psuppy, M = {p € Spec(R) | Hyps" " (M) # 0}

Tu d6 ho chiing minh tinh déng cia nCM (M) duéi gia thiét R la vanh

thuong ctia vanh Cohen-Macaulay (gia thiét nay la yéu hon vi moéi vanh
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Gorenstein la vanh cohen-Macaulay). Quy tich khong Cohen-Macaulay
ciia M con dugc nghién ctru trong moi quan hé véi tinh catenary clia vanh
R/ Annp(M), cac dieu kién Serre trén M va tinh khong tron 1an clia vanh
R/p v6i p € Suppr(M).

Muc dich chinh ctia luan van la trinh bay lai chi tié€t cac két qua trén vé
quy tich khong Cohen-Macaulay nCM (M) va céc tap gia gia Psupp’ (M)
ctia Nguyén Tu Cuong, Lé Thanh Nhan va Nguyén Thi Kiéu Nga trong
bai bdo: On pseudo supports and non-Cohen-Macaulay locus of finitely
generated modules, 323 (2010), 3029-3038. Bén canh do, luan van trinh
bay nhiing tinh chit co ban nhat cua vanh va médun Cohen-Macaulay:
chuyén qua ddy du, chuyén qua dia phuong héa, xét tinh catenary phé
dung, xét tinh khong tron 14n va dac trung dong diéu.

Luan van chia lam 2 chuong. Chuong I trinh bay cac tinh chit co ban
veé vanh va modun Cohen-Macaulay. Cic nghién ctu vé quy tich khong
Cohen-Macaulay va céc tap gia gia ciia cic modun hitu han sinh dugc viét

trong Chuong I1.
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Chuong 1

Vanh va modun Cohen-Macaulay

Trong sudt luan van nay, cho R la mot vanh giao hoan Noether va M la
R-mo6dun hitu han sinh. Dé tién theo doi, trude khi trinh bay khai niém
vanh va modun Cohen-Macaulay, ching ta nhac lai mot s6 khai niém va

tinh chat vé chiéu va do sau.

1.1 Chuan bi vé chiéu

bat Anng M = {a € R | aM = 0}. Khi d6 Annp M la idéan cla R.

1.1.1 Pinh nghia. Mot day po C p; C ... C p, cdc idéan nguyén to
ctia R thoa man di€u kién p; # p;1 v6i moi i dugc goi 1a mot day idéan
nguyén to' do dai n cta R. Chiéu (Krull) cua vanh R, ki hiéu 1a dim R, 1a
can trén cua cac do dai clia cdc ddy idéan nguyén t6 cua R. Chiéu (Krull)
cta M, ki hiéu 1a dim M, 1a chi€u cta vanh thuong R/ Anng M.

1.1.2 Vi du. (i) Trong vanh 7Z cdc s6 nguyén, day {0} C 2Z la mot day
idéan nguyén t6 do dai 1. Vi cdc idéan nguyén t6 cua Z la {0} va cac
idéan c6 dang pZ v6i p la s6 nguyén t6, nén can trén cua cac do dai cua
cac day idéan nguyén to trong Z la 1. Vi th€ dimZ = 1.

(ii) Xét vanh Zg. Vanh nay c6 2 idéan nguyén o6 la 3Zg va 2Z¢. Do d6
dim Zg = 0.
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Mot trong nhitng phuong phép tinh chiéu ctia cic moédun hitu han sinh
trén vanh Noether 1a thong qua chi€u cta cac idéan nguyén td lién két,
duogc néu trong bd dé sau day. Nhac lai ring mot idéan nguyén t6 p cia R
duoc goi 1a mot idéan nguyén t6 lién két cha M néu ton tai 0 # v € M
sao cho p = Anngx. Tap cac idéan nguyén to lién két cia M dugc ki

hiéu la Assg M. Gid cua M, ki hiéu la Supp M, duoc cho boi cong thiic

Supp M = {p € Spec(R) | M, # 0}.

1.1.3 B6 dé. Tdp cdc idéan nguyén to lién két toi thiéu cua M chinh la

tdp cdc idéan nguyén 10 t61 thiéu chita Anng M. Ddc biét ta cé
dim M = max{dim(R/p) | p € Assp M }.

Chitng minh. Vi M hitu han sinh nén Supp M = Var(Anng M). Do d6
min Supp M = min Var(Annz M). Theo [Mat, Dinh 1i 6.5(iii)] ta c6
min Ass M = min Supp M. Do d6 min Ass M = min Var(Anng M). O

Ménh dé sau day cho ta cong thiic tinh chiéu cua vanh da thiic (xem
[Mat, Dinh i 15.4]).

1.1.4 Ménh deé. dim R[xy, ..., x,] = n + dim R.

oo

bat R[[z]] = {Zaixi | a; € R, Vz’}. Mbi phan tir cia R[[z]]
1=0
dugc goi 1a mot chuodi luy thita hmh thitc cliia bién x v6i hé so trong R.
binh nghia phép cong Z a;x’ + Z bix' = Z(ai + b;)x’ va phép nhan
1=0 1=0 1=0
Zaz Zb ! = o’ ong d6 ¢, = Y a;b;. Khi d6 R[z]] 1a
i=0 k=0 i+j=k

mot Vanh glao hoén Noether, dugc goi 1a vanh cdc chudi liy thita hinh

thitc ciia bién x trén R. Khi (R, m) la vanh dia phuong véi idéan t6i dai
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duy nhat m thi R[[x]] ciing la vanh dia phuong véi idéan t6i dai duy nhat

n= {Zaixi € R[[z]],a0 € m}.

i=0
Vanh chudi liiy thira hinh thitc n bién x4, ..., x, v6i hé s6 trén R, ki hiéu
1a R[[x1,...,x,]], dugc dinh nghia tuong tu.

Ménh dé sau day cho phép ta tinh dugc chiéu cua vanh cac chudi liy
thtra hinh thitc (xem [Mat, Dinh 1i 15.4]).

1.1.5 Ménh deé. dim R[[z1,...,z,)] = n + dim R.
1.1.6 Vi du. (i) Tinh chiéu ctia vanh Z[z, y, z] /I v6i I = (2%, y)N(23). Dat
R =Z[z,y,z]. Tacé dim R = 3 + dimZ = 4. Chi y rang Assg(R/I) =
{(z,9),(2)}. Suy ra

dim(R/I) = max{dim(R/(z,y)),dim(R/(z))} = 3.

(ii) Tinh chiéu ctia vanh R[[x,y, 2, t]]/J v6i J = (z,y?, 2) N (y, 23, 1°).
bat R = R[[z,y, z,t]]. Khid6 dim R = 4+dim R = 4. Tac6 Assg(R/J) =
{(2,9,2),(y,2,t)}. Suy ra

dim(R/J) = max{dim R/(x,y, z),dim(R/(y, z,t)} = 1.
1.1.7 Pinh nghia. Vanh Noether R dugc goi la vanh dia phuong néu n6
c6 duy nhat mot idéan toi dai.

Tl nay ve sau, luon gia thiét (R, m) la vanh dia phuong véi m la idéan

toi dai duy nhat va M la R-modun hitu han sinh véi dim M = d.
1.1.8 Pinh nghia. Mot idéan [ cuia R duoc goi la idéan nguyén so néu
I # R vatur dieu kién xy € I kéo theo = € I hoac ton tai s6 n > 0 sao
cho y" € I v6i x,y € R. Gia st [ 1a mot idéan nguyén so cua R. Khi dé
tap VI = {x € R| 3n € Ndé 2" € I} 1a mot idéan nguyen t6 p ctia R,
trong truong hop nay ta goi [ 1a idéan p-nguyén so.
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Dinh 1i sau day, goi 1a Dinh li da thitc Hilbert - Samuel, cho ta 2 bat
bién twong duong vdi chiéu.

1.1.9 Dinh ly. ([Mat, Dinh i 13.4]). Cho q la m¢t idéan m-nguyén so. Khi
do, {(M/q" M) la mét da thiic voi hé s6 hitu ty khi n du lon va

dim M = deg (M /q" M)
=inf {¢ | 3z1,...,2 € m, {(M/(z1,...,3)M) < 00}

1.1.10 Nhan xét. Vi R la vanh Noether nén m la hitu han sinh. Do d6
ton tai hitu han phan tr x,...,2; € m sao cho m = (z1,...,2z;)R. Vi
((M/mM) < oconén {(M/(z1,...,z;,)M) < co. Do d6 theo Dinh 1i da
thic Hilbert - Samuel ta suy ra dim M < oo.

1.1.11 Heé qua. dim(M/(xy,...,x,)M) >d —r,Vay,..., 2, € m.

Chitng minh. Bang quy nap ta chi can ching minh cho trudng hop r = 1.
Cho z € m. Gia st dim(M/aM) = k < d — 1. Pat M; = M/zM.
Theo Dinh Ii da thic Hilbert - Samuel, ton tai z1,...,x; € m sao cho
O(My/(z1,...,21) M) < 0o. Do dd ¢(M/(z,x1,...,x5)M) < co. Theo
Dinh 1i da thic Hilbert - Samuel, d =dim M < k+1.Dodéd—1 < k,

vo li. O

1.1.12 Pinh nghia. Mot hé (z1,...,2;) € m dugc goi 1a mot hé tham
so cua M néu ((M/(xq,...,xq)M) < co. MOt hé (x1,...,2,) C m v6i

r < d, dugc goi 1a mot phdn hé tham sé ctia M néu
dim(M/(xy,...,z, ) M) =d —.

Mot day (z,) C R dugc goi la mot ddy Cauchy theo topé m-adic néu
v6i méi k € N cho trudc, ton tai s6 tu nhién ngy sao cho z,, — x,, € mF

v6i moi n,m > ng. Day (z,) C R dugc goi la dday khong néu vGi moi
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k € N cho trudc, ton tai s6 ng sao cho z,, € m* véi moi n > ny. Ta trang
bi quan h¢ twong duong trén tap cdc day Cauchy nhu sau: Hai day Cauchy
(n), (yn) dugc goi la twong duong néu day (x, — y,) 1a day khong. Ki
hiéu R 1a tap cdc 16p twong duong. Chi ¥ ring quy tic cong (2,) + (yn) =
(x, + yn) va quy tac nhan (z,,)(y,) = (x,y,) khong phu thudc vao cach
chon cac dai dién ctia cac 16p tuong duong. Vi th€ né la ciac phép toan
trén R va cung voi hai phép toan nay, R 1am thanh mot vanh Noether dia
phuong v6i idean t6i dai duy nhat 1a mR. Vanh R vira xay dung duoc goi
la vanh day du theo topoé m-adic cua R.

Mot day (z,) € M duge goi la day Cauchy theo topo m-adic néu véi
mdi k € N cho trudc, tén tai ny sao cho 2z, — 2, € m*M. Tir khdi niém
day Cauchy nhu trén, tuong tu ta dinh nghia dugc khai niém modun day

du theo top6 m-adic trén vanh R. Modun nay duoc ki hi¢u 1a M.

1.1.13 Vi du. Cho K 1a mot truong, K[x1, ..., x,] 1a vanh da thic n bién
trén K. Vanh S = Klzy,...,z,] khong la vanh dia phuong. Dé thdy
P = (x1,...x,)S la idéan cuc dai cua S. Do d6 vanh dia phuong héa
R = Sp 1a vanh dia phuong véi idéan t6i dai 1a m = (x4, ... z,)R. Nguoi
ta c6 thé kiém tra dugc vanh ddy di m-adic clia R chinh 1a K[[z1, ..., z,]].

Két qua sau day khang dinh ring chiéu cia mot modun 13 khong déi
khi chuyén qua ddy dii m-adic (xem [Mat, Dinh Ii 15.1(ii)]).

1.1.14 BS dé. dim M = dim(M).
1.2 Chuan bi vé day chinh quy va do sau

1.2.1 Pinh nghia. (i) Mot day cac phan t x4,...,x; cia R duoc goi la
mot M-day chinh quy do dai t néu (xq,...,x;)M # M va z; khong la

uGc cua khong d6i v6i modun thwong M/(xy, ..., x:) M v6i moi i.
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