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MG dau

Phuong trinh ham 14 mot chuyén dé quan trong trong gii tich, dic biét
14 chuong trinh chuyén todn bac THPT. Cac dé thi hoc sinh gi6i cap Qudc
gia, thi Olympic khu vyc, Olympic Qubc té thuong xuat hién bai toan ve
phuong trinh ham, d6 14 nhitng bai toan khé va méi mé doi véi hoc sinh
THPT. Nhiing cuén sach tham khéo danh cho hoc sinh vé linh viic nay 1a
khong nhiéu. Dic biet trong cac tai lieu sach gido khoa danh cho hoc sinh
THPT thi phuong trinh ham trong 16p cdc ham s6 luong giac chua duge
trinh bay mot cach hé thong va day du.

Xuat phat tit thuyc té d6, muc tiéu chinh ctia luan van 1a cung cap them
cho cac em hoc sinh, dic biét 1a cac em hoc sinh kha, giéi, c6 nang khiéu
va yéu thich mon toan mot tai lieu tham khao, ngoai nhitng kién thic 1y
thuyét co ban luan van con c6 thém mot hé thong cac bai tap vé phuong
trinh ham xuét phat tit cac cong thic bién doi lugng giac va 16i giai cho
tung bai. Ngoai ra, day ciing 1a nhitng két qua ma ban than tac gia sé tiép
tuc nghién citu va hoan thién trong qua trinh gidng day toan tiép theo &
truong phd thong.

Ngoai muc luc, 10i néi dau, két luan va tai lieu tham khéo, luan van
gom ba chuong.

Chuong 1. Mét s6 ddac trung cia ham sé luong gidc.

Trong chuong nay luan vin trinh bay mot s6 kién thitc chuan bi va chi
ra cac dic trung ciia ham sb6 lugng gidc, ham s6 luong gidc hyperbolic,
ham s6 luong giac ngugc.

Chuong 2. Phwong trinh ham trong lép ham sé luong gidc,
ham lugng giac hyperbolic.

Trong chuong nay ludn van trinh bay phuong trinh ham d’Alembert
trong 16p cac ham so lién tuc, phuong trinh ham d’Alembert trong 16p
ham khoéng lién tuc, phuong trinh ham sinh béi cac dac trung ctia ham sin
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va sin hypebolic, cac phuong trinh ham sinh béi dac trung ctia ham tang,
tang hyperbolic va mot s6 dang khac.

Chuong 3. Phuong trinh ham trong ldp cic ham sbé luong
gidc nguwoc va mot sé6 bai tap.

Trong chuong nay luan van trinh bay vé phuong trinh ham sinh béi cac
dac trung ctia ham s lugng giac nguge va mot so6 bai tap veé phuong trinh
ham sinh béi cac cong thitc bién doi luong giac.

Luan van duge hoan thanh dudi sy huéng dan khoa hoc ctia Nha gido
nhan dan, GS.TSKH Nguyén Van Mau. Tac gia xin dugc bay té long biét
on chan thanh va sau sic t6i GS - Nguoi thay rat nghiém khac, tan tam
trong cong viéc va da truyen thu nhiéu kién thic quy bau ciing nhu kinh
nghiém nghién citu khoa hoc cho tic gid trong sudt qua trinh hoc tap,
nghién ctu dé tai.

Tac gia xin duge bay t6 long biét on chan thanh dén Ban Giam hieu,
Phong dao tao sau dai hoc, khoa Toan - Tin cta truong Dai hoc Khoa
hoc - Dai hoc Thai Nguyeén, cliing cac thay co gido da tham gidng day va
huéng dan khoa hoc cho 16p Cao hoc toan K3A.

Tac gia xin chan thanh cam on UBND tinh, S Gido duc va Dao tao
tinh Yen Bai, Ban Giam hiéu va tap thé gido vien truosng THPT Chu Vian
An tinh Yen Bai da tao diéu kién cho tac gid c6 co hoi hoc tap va nghién
ciu.

Tac gia cling xin dugc cam on sy quan tam giap dé nhiét tinh cta cac
anh chi em hoc vién 16p cao hoc toan K2, K3 Truong Dai hoc Khoa hoc
déi v6i tac gid trong sudt qua trinh hoc tap va nghién ctu.

Dé hoan thanh luan vin nay, tac gia da tap trung hoc tap va nghién
cttu trong sudt khoéa hoc. Tuy nhién, do diéu kién thoi gian va han ché
ctia ban than nén luan van khong tranh khoi nhitng thiéu sét. Tac gia rat
mong nhan dugc sy chi bdo clia quy thay co va nhitng gép ¥ ctia ban doc
dé luan vin duce hoan thién hon.

Thar Nguyén, thang 05 nam 2011
Nguai thuc hién

Nguyén Trung Nghia
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Chuong 1

Mot s6 diac trung ham ctia ham sb
luong giac

Nhitng cong thic bién doi lugng gidc co ban da dude trinh bay trong sach
gido khoa pho thong cho ta cac dic trung ham ctia nhitng ham lugng giac tuong
tng. D6 1a co sé dé ta thiét lap cac phuong trinh ham ma cac an ham 1a mot
trong cac ham luong gidc da biét. Trong chuong nay, luan van trinh bay mot
s6 kién thitc chuan bi, cac dic trung ham clia cac ham lugng giac, lugng giéc
hyperbolic, lugng gidc nguge. Noi dung clia chuong dude tong hop tit cac tai lieu
tham khao [2] [4].

1.1. Mot sb kién thitc chuan bi

Xét ham s f(x) véi tap xac dinh Dy C R va tap gid tri R(f) C R.

Dinh nghia 1.1. Ham f(z) dudc goi 1a ham chén trén M, M C Dy ( goi tét 1a

ham chén trén M) néu
Vee M = —x € Mva f(—z) = f(zx), Yz e M.

Dinh nghia 1.2. Ham f(z) dugc goi la ham s6 1é trén M, M C Dy ( gol tét 1a

ham ch&n trén M) néu
Vee M= —x € Mva f(—z) =—f(z), Y € M.
Dinh nghia 1.3. Cho ham s6 f(z) va tap M(M C Dy). Ham f(z) duge goi 1a

ham tuan hoan trén M néu ton tai s6 duong o sao cho

{ Vie M =xd+ae M, (1.1)

flz+a) = f(x), Yxe M;

586 héa boi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://www.lrc-tnu.edu.vn



5

s6 a duong nho nhat théa man (1.1) duge goi 1a chu ky co sG clia ham tuan
hoan f(z).
Vi du 1.1. Ham f(z) = cosz 1a ham tuan hoan chu ky 27 trén R.
That vay, ta c6 Vx € R thi x + 27 € R va
flz+2m) = cos(z + 2m) = cosz = f(z), Vo e R.

Dinh nghia 1.4. Cho ham f(x) va tap M (M C Dy). Ham f(z) dudc goi 1a ham
s6 phan tuan hoan trén tap M néu ton tai s duong a sao cho

(1.2)

Vee M =x+aec M,
flx+a)=—f(x), Ve e M;

s6 a nho nhat théa man (1.2) duge goi 1a chu k¥ co s6 cia ham phan tuan hoan
/().
Vi du 1.2. Ham f(z) = sinz 1a ham phan tuan hoan chu ky = trén R.
That vay, ta c6 v6i Ve € R thi z £ 7 € R va
flx+m) =sin(z+7) = —sinx = —f(z), VreR.

Dinh nghia 1.5. Ham f(z) dugc goi 1a ham tuan hoan nhan tinh chu ky o
(a e R\ {0,1,—1}) trén M néu M C Dy va

(1.3)

Vo e M = atle € M,
flax) = f(x), Vo e M;

s6 a duong nh6 nhat théa man (1.3) duge goi 1a chu ky co s6 clia ham tuan
hoan nhan tinh f(x).
Vi du 1.3. Ham f(z) = sin(27 logy ) 13 ham tuan hoan nhan tinh chu ky 2 trén
R+.
That vay, ta c6 Vo € Rt thi 22 € R va
f(2x) = sin[2m logy (22)] = sin[27(1 4 logy x)] = sin(27logy x) = f(x).

Dinh nghia 1.6. Ham f(x) dudc goi 1a ham phan tuan hoan nhan tinh chu k¥
a (e € R\ {0,1,-1}) trén M néu M C Dy va

{ Vo e M = atlz e R, (1.4)

floax) = =f(z), Ve eR;

s6 a nho nhat thda man (1.4) duge goi 1a chu ky co sd clia ham phén tuan hoan

nhan tinh.
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Vi du 1.4. Ham f(x) = cos(wlogg x) 1a ham phan tuan hoan nhan tinh chu ky
3 trén RT.
That vay, ta c6 Vo € RT thi 3tz € Rt va

f(3z) = cos|mlogs(3z)] = cos[n(1 + logg z)] = — cos(mlogg z) = —f(x).

Dinh nghia 1.7. Tap A c R dugc goi 1a trit mat trong R ky hieu [A] = R néu
v6i moi x,y € R, (z <y) ludn ton tai a € A, sao cho z < a < y.

Dinh nghia 1.8. Tap A c R dugc goi 1a trit mat trong R ky hieu [A] = R néu

v6i moi z € R ton tai day sb (a,) C A, sao cho a, — x khi n — oo.

Dinh nghia 1.9. Cho A ¢ B ¢ R néu v6i moi z € B, v6i moi ¢ > 0 ton tai
y € A, sao cho |r — y| < e thi A dugc goi la tap trt mat trong B, ky hicu la
[A] = B.

Nhan xét 1.1. Dinh nghia 1.7 va dinh nghia 1.8 tuong duong véi nhau.

Dinh nghia 1.10. Néu hai ham s6 f(z), g(z) 14 hai ham lién tuc trén R va
thoa man diéu kien f(r) = g(z) v6i moi z € A trong do6 [A] = R thi f(z) = g(z)
v6ol moi x € R.

Ta thuong s dung mot so6 tap tru mat trong R sau
1. V6i Q := tap cac s6 hitu ty, ta ¢6 [Q] = R.
2. V6i S = tap cac s6 vo ty, ta co [S] = R.
3. Vi [A]=Rtap {a+r | a€ A, r=const,r €R} tri mat trong R.
4. V6i [A] =R tap {ar | a € A, r=const ,r #0,r € R} tru mat trong R.
m
5. Tap {2—n | n € Z*;m € Z} tru mat trong R.
6. Tap {ma —n|a € J; m,n € N} tru mat trong R.

Bai toan 1.1 (Phuong trinh ham Cauchy). Tim ham f(z) x4c dinh trén R thoa

man cac diéu kién sau

f@)+ fly) = f(x+y), Vo,y R,
f(z) lién tuc tai z = g € R,

J(1) =a, (a+0).
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Gidi. Gia sit ton tai ham s6 f(z) thoa man yéu cau bai ra.
Cho z =y =0 ta dugc f(0) = f(0) + f(0) & f(0) =0.
Cho y = —z ta dugc f(0) = f(z) + f(—x) = f(x) = —f(z), Vz e R.
Vay ham f(z) 13 ham s6 18 nén ta chi can xac dinh biéu thic ctia f(z) véi
x> 0.
Cho y = z suy ra f(2z) = 2f(x). Gia su f(kz) = kf(z), (ke N*). Ta co
f((k+1)z) = f(kx + ) = f(kz) + f(z) = kf(z) + f(z) = (k+ 1) f(z)
Theo nguyén 1y quy nap ta dugc f(nx) =nf(z), Ve e R,n e N*.
Vé6in € Z~ suy ra —n € N*, ta co
f(nz) = f((=n)(=2)) = —nf(=2) = (=n)(= f(z)) = nf(z) (do f(z) la ham s0 1¢).
Suy ra f(nz) =nf(z), ¥n € Z~. Két hop v6i f(0z) = f(0) =0 = 0f(z) ta ducc
f(nx) =nf(x), Ve e R; n € Z.

Vé6i m € Z*, ta co

1= 1(n2) =i (2) = 1(2) = o

m

P X . n N , ES 2d ~ z
Véir e Q, ton tai n € Z; m € 7Z sao cho r = —. Tu cac ket qua trén, ta co
m

frs) = f(a) =nf () = 2 p@) = rf(@), vreQ
Cho z =1 ta dugc f(r) =rf(l) =ar, Vre Q. V6i Vm e R, ta co

f(x) = flx + 20 —m+m—uz0) = f(x —m+x0) + f(m) — f(z0).

Tt gia thiét ham s6 lién tuc tai o = zg ta co

lim f(z) = lim [f(z —m + o) + f(m) — f(z0)]
= lim f(z —m + o) + f(m) = f(xo)
=f(x0) + f(m) — f(zo) = f(m).

Vay f(x) lién tuc tai moi diém m € R. No6i cach khac f(z) lién tuc trén R. V6i
Vz € R, ton tai day s6 (r,) € Q, sao cho r, — = khi n — +o00. Khi d6, vi f(z)

lién tuc trén R nén ta co

flx)= lim f(rp) = lim ar, =az.
n——+oo n—-+oo

Thit lai, dé thay ham s6 f(z) = ar théa man yéu cau cia deé bai.
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Bai toan 1.2 (Phuong trinh ham Cauchy dang mi). Xac dinh cac ham f(x)

lien tuc trén R théa man dieu kién sau

fle+y)=f@)f(y), Yo,y eR. (1.5)

Gidi. Dé thay f =01 1a mot nghiem cta (1.5).

Xét truong hop f # 0 2, khi do6 ton tai z9 € R sao cho f(xg) # 0.

Theo (1.5) thi f(zo) = f(z + (z0 — 2)) = f(z)f(zg —x) #0 Vo € R.

Suy ra, f(z) #0, Vz € R, mat khac

2
f(x)—f(—+—) = [f(g)} >0, VreR.
Dat In f(z) = g(z) = f(z) = e9®). Khi d6 g(x) 1a ham lién tuc trén R va
g9z +y) =Inf(z+y) =In[f(z)f(y)]

=In f(z) +1In f(y) = g(x) + g(y), Yo,y € R.

Theo bai todn 1.1 thi g(x) = bz, b € R tuy ¥, suy ra f(z) = e = a® v6i a > 0.
Két luan: Nghiém ctia bai toan 14 f = 0 hoac f(z) = a*, a > 0.

1.2. Dac trung ham cua cac ham lugng giac co ban
a) Ham f(r) = sinx ¢6 tinh chat

fle+y)fx—y) = [f@)]? =[] v6i Ve,yeR
va
F(3z) = 3f(z) — 4Alf(2)], véi VzeR.

b) Ham f(z) = cosx c6 cac tinh chat

fle+y)+ f(z —y) =2f(x) f(y), v6i Va,y € R.
va
F(2x) = 2[f(2)]2 — 1, v6i Vx € R.
Cap ham f(z) = sinz va g(x) = cosx ¢6 tinh chat
fle+y) = fl2)g(y) + f(y)g(z), Vo,y € R,
g(z+y) =g(x)g(y) — f(@)f(y), Yo,y € R.

IDé don gidn trong ky hiéu ta hiéu f = ¢ nghia la f(z) = ¢, Vz € R.
2f 2 ¢ dugc hiéu 1a 3 z, (zo € Dy) sao cho f(zo) # c.
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¢) Ham tanz c6 tinh chét

f(@)+ f(y) (2k +1)m
f(SC+y) m, VSC,yER, :c,y,:c—i—y;éT (kEZ)
d) Ham f(z) = cotx ¢6 tinh chat
_J@)f(y) -1
flz+y) = TOESITR Ve,ye R, x,y,x+y#kn (k€ Z).

1.3. Dac trung ham cua cac ham hyperbolic

1 £
a) Ham sin hyperbolic f(x) = sinhz := 5(6“ — e~ ") ¢6 tinh chat

f(3z) = 3f(x) +4[f(2)]’, Vz eR.

1

b) Ham cosin hyperbolic g(x) = coshz := 2(6 +e77) ¢6 tinh chat

gx+y)+g(x—y) =2¢9(x)g(y), YVx,y € R.

¢) Ham tan hyperbolic h(z) = tanhz := = J_r e_l“ c6 tinh chat
h(z) + h(y)
hz+y) = m, Va,y € R.
d) Ham cotan hyperbolic ¢(z) = cothz := " j e c6 tinh chat

1+ q(=)q(y)

, Ve,ye R,z + 0.
@ fa) Y v

qz+y) =

1.4. Dac trung ham cua cac ham lugng giac ngudc

a) Ham f(r) = arcsinz ¢6 cac tinh chét

(

f(z) + (x/1—y?2 +yV1—22), v6i Va,y € [—1;1].
(
(

b) Ham g(x

) = arccos x c6 tinh chat
)

g(y xy—\/l—xQ\/l— , VO Va,y € [—1,1].

c) Ham h(z) = arctan z c6 tinh chat

_I_

gl

h(zx) + h(y) = h(lxjxyy), Vi Y,y € R, zy # 1.

d) Ham p(x) = arccot  ¢6 tinh chét

zy — 1 .
+ = ( ),vmv yeR, x+ 0.
p(z) +py) =p e T,y T+y#
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