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LGOI NOI DAU

Nhiing bai toan liéen quan dén cac hé thic trong tam giac thuong co
mat trong cac dé thi hoc sinh gioi, cac dé thi Dai hoc. S6 luong cac hé thic
trong tam giac trong cac tai lieu danh cho hoc sinh pho thong la rat 1én,
vi vay hoc sinh dé bi choang nggp, cam thay khé khan khi gidi dang bai
toan nay. Hoc sinh thuong khong biét bat dau tit dau vi khong thay dugc
moi lien hé gitta cac hé thitc luong giac. Do dé can c6 cac phuong phap
gitip hoc sinh phan loai va thiay duge mdi quan heé gitta ciac hé thitc luong
gidc trong tam giac. Nhu vay s6 luong cac heé thic luong giac trong tam
gidc can chiing minh sé gidam di mot cach dang ké. Mot trong cac phuong
phap phan loai va tao ra hé thiic lugng giac trong tam giac la phuong phap
bién doi tuyén tinh géc. Y tudng clia phuong phap bién déi tuyén tinh goc
13 (xem [9]): St dung phép bién ddi tuyén tinh goc dé tao ra tam gidc moi
A1B;C; tit tam gidc ABC. T mot he thitc da biét cho tam gidc A1 B1C
ta sé c6 mot hé thic méi trong tam giac ABC.

Dang tong quat ctia phép bién déi tuyén tinh géc la:

Al = k1A + k19B + ki3C + M\,

By = kot A + koo B + kasC' + Mo,

C1 = k31 A+ k3o B + k33C + Asm,
A1—|—B1+Cl =7T,A1 > O,Bl > 0,01 > 0.

Heé bon phuong trinh va ba bat dang thic trén chita 12 he s k;j, ;
(1,7 = 1,2,3) . Do d6, bang cach chon cac bo hé sb, ta sé c6 rat nhiéu
phép bién doi tuyén tinh géc. Cac phép bién déi tuyén tinh goéc duge khai
thac trong luan van la:

1) A = t ; A,Bl _— ; B,C1 _ I ¢ (AA;B;C} nhon),

2) Ap =1 —2A,By=71—2B,Cy =7 —2C (v6i AABC nhon),
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A

B C
3 Ag =5, By =5, Cs = ”; (AA3B3Cy tht 6 goc Cy > g),

4) Ay =24, By =2B,Cy = 2C — 1 (v6i AABC tii 6 C > g),
5) A5:g—A,B5:g—B7O5:7T—C,...

Noi dung chinh ctia luan van gom hai chuong:

Chuong 1 Mot sé phép bién doi tuyén tinh géc dang co bin

Chuong 1 dua ra mot sé phép bién doi tuyén tinh géc dang co ban
nham tao mdi cac hé thitc luong giac trong tam gidc. Cac hé thiic trong
tam gidc dudc lya chon tir cac dé thi hoc sinh gidi, cac tap chi Toan hoc,
cac dé thi Dai hoc va sang tao nhitng bai mdi tit nhiing bai da co.

Chuong 2 Mot s6 phép bién doi tuyén tinh géc dang tong qudt.

Chuong 2 xét cac phép bién ddi tuyén tinh géc dang khong déi xting va
sang tao ra nhitng bai méi dya trén nhiing bai da c6. Mot s6 phan trong
noi dung luan vian da duge dua vao trong [3] va duge thong bao trong [1],
[2]. Tat c& cac bai tap déu duge giai chi tiét trong [3]. Hy vong Luan van
cling cung cap cho cac Thay gido, cic em hoc sinh mot tai lieu vé cac he
thiic lugng trong tam giac theo phuong phap bién déi tuyén tinh géc, va
thong qua dé, hoc sinh ¢6 thé sang tao ra nhiéu hé thic mdéi. Tac gia luan
van cling hi vong sé tiép tuc bo sung va hoan thién them dé tai nay trong
qué trinh gidng day toan & trudng pho thong.

Luan van dugc hoan thanh dudi sy huéng dan ctia PGS-TS Ta Duy
Phuong. Tac gia xin dugce bay té long biét on chan thanh t6i nguoi Thay
rat nghiem khic va tan tuy véi cong viec, da truyen thu nhing kién thic
cting nhu kinh nghiém cho tac gia trong qua trinh hoc tap va nghién citu
dé tai. TAc gid xin cAm on Ban giam hiéu, Phong dao tao sau Dai hoc cling
cac Thay co gido da tham gia gidng day va huéng dan khoa hoc cho 16p
Cao hoc Toan K3 Truong Dai hoc Khoa hoc, Dai hoc Thai Nguyeén.

Tac gia xin chan thanh cam on Ban Giam hiéu, Phong Dao tao, cac
thay co to Toan - Tin trusng Pho thong Viing cao Viet Bac, ban be dong
nghiép cuing gia dinh da tao diéu kién gitp dd, khich 1é toi hoan thanh ban
luan van nay.

Dé hoan thanh luan van nay, tac gid da tap trung hoc tap va nghién

cttu mot cach nghiém tic trong suét khoéa hoc. Tuy nhién, do han ché ve
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thoi gian, cling nhu trinh do hiéu biét nén trong qua trinh thuc hién khong
tranh khoi nhitng thiéu sét, tac gid rat mong nhan duge su chi bao cla
cac thay co giao va nhitng gép ¥ ctia ban doc dé luan vin dugc hoan thien
hon.

Thai Nguyén 2011
Phung Thi Oanh
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Chuong 1

Mot sb phép bién doi tuyén tinh
goc dang co ban

Trong dai duong ménh mong cac ding thic va bat ding thic luong giac
trong tam giadc (va cd trong dai duong céc sach vé lugng giac hién nay),
ching ta thuong quan sat thay nhitng “cap bai tring”, tic 1a ching c6 vé
rat giong nhau. Thi dy, v6i moi tam giac ta luon co:

1) (Vo dich Cong hoa dan chu Dic, 1965)

3
cos A+ cos B+ cosC < 2 (1.1)
2) (Dai hoc An ninh, 1996, Khéi A)
LR L C< 3 (12)
sin — + sin — 4 sin — < —; :
2 2 2 — 2
3)
cosA+3B+cosB+3C+cosC+3A<3' (1.3)
4 4 4 -2 '
4)
A B c 3
COSWZ COST‘—Z +COS7T—Z 35; (1.4)

Giai thich nhu thé nao vé su gibng nhau ctia cac bat ding thic treén?-
C6 1& c6 nhieu cach giai thich. V6i mdi cach nhin, ta c6 thé phat hien ra

nhing qui luat an tang bén trong sy gidbng nhau vé vé ngoai ciia cac hé

786 héa boi Trung tam Hoc liéu — Pai hoc Thai Nguyén http://'www.lrc-tnu.edu.vn



thic. Trong luan van nay, ching toi ¢6 gang giai thich sy gidng nhau cia
nhiing cap bai trung ay dua trén nhan xét sau day: Thuc chat cac hé thic
luong giac trén giéng nhau 1a béi vi ching c¢6 thé nhan dude tit nhau qua
mot bién doi dai s6, cu thé 1a phép bién déi tuyén tinh clia goc.

Chuong 1 xét mot s6 phép bién dbi tuyén tinh géc dang co ban.

1.1 Bién doi tuyén tinh géc dang 1

A —1)B B —1)C C —1)A
p At B, = +(n—1) O = +(n-1)A
R n n n
Meénh deé 1.1. Cho A, B, C' la ba goc ctia tam giac. Khi ay
A —1)B B —1 —1)A
A = +(n—1) B = + (n )0,01:C+(n )
n n n

véin = 2, 3, ... cing la ba goc mot tam giac.
Chimg minh That vay, vi A, B, C la ba gbc clia tam giadc nén

0<ABC<nmvaA+B+C=m.

A —1)B —1
Suy ra 0 < Ay = —l—(nn ) <7T+(7; )W<7T.

Tuong tu, 0 < By,Cy < 7 va

A+(n—1)B+B+(n—1)C+C—|—(n—1)A
n n n

=T

A+ B+ C =

Chung t6 Ay, By, C} 1a ba géc clia mot tam giéc.

Meénh dé 1.2. Cho A4, B, C la ba géc ctia mot tam gide. Khi ay

A+ (n—1)C B+ (n—1)A C+(n—-1)B
= , Bl = , O =
n n n

A

v6in = 2, 3, ... cing la ba géc clia mot tam giac.

Meénh dé 1.3. Cho A4, B, C' la ba géc ctia mot tam giac. Khi ay

B+ (n—1)C C+((n—1)A A+ (n—1)B
= , B = ,O1 =
n n n

A

véin = 2, 3, ... cing la ba gbc cia mot tam giac.
V6in = 2 ta cod
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Hé qua 1.1. Cho A, B, C la ba goc ciia tam giac. Khi ay
B+ C C+A A+ B

B+C —A —A
;— :7r2 nénO<A1:7T <gvaphép
L s . B+C C+ A A+ B
bién doi tuyen tinh gbc A; = il , By = ;— ,Ch = + ciing la
m™—A m™— B m—C

B p— C p— >
9 y 22 9 y V2 9 va

cling la ba goc ciia mot tam giac.

Cha y 1.1. Vi A, =

phép bién déi tuyén tinh goéc Ay =

Ay ByCy 1a tam giac ¢6 ba goc nhon.
T—A . mT—A A

nén sin A; = sin 5 =Cosg

A A
(cos Ay = sin E,tan Ay = cot §’COt A, = tan 5) Nhu vay, tit mot he

Nhan xét 1.1. Vi A; =

thic chita sin Ay, sin By, sin Cy (tuong tng, chita cos Ay, cos By, cos C,
tan Ay, tan By, tan Cy; cot Ay, cot By, cot (' ding cho tam giac A B,Ch
ta sé suy ra mot hé thiic chita cos —, cos g, cOS % (tuong ting, chiia sin é,
sin g, sin 5 cot 2 cot BX cot o tan 2 tan BX tan 5) dang cho tam giac
ABC.

St dung Nhan xét 1.1, tit mot hé thic lugng giac trong tam gidc da biét,
ta c6 thé tao ra ngay mot (mot s6) hé thiic lugng gidc khac ma khong phai
chitng minh theo cach truyén thong (bién doi luong giac). Dudi day 1a mot

so6 vi du minh hoa.
Bai toan 1.1. Ching minh rang v6i moi tam giac ta luon co
3
cos A+ cos B+ cosC < 3

Chitng minh Ta c6
3
cos A+ cos B+ cosC < 5

@%—COSA—COSB—COSCZO

& 3+2cos(B+C)—2cosB—2cosC > 0

< 34+ 2cosBeosC —2sinBsinC' —2cos B —2cosC > 0

& 1+ sin? B 4 cos? B 4 sin? C' + cos? C' + 2 cos B cos C — 2sin Bsin C —
2cos B —2cosC > 0, luon ding.
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Dau dang thiic xay ra khi tam giac ABC deéu.

Bai toan 1.2. Chitng minh rang v6i moi tam giac ABC' ta luon cé

: L L C<3
sin — + sin — +sin — < =
2 2 2 72

Chitng minh 1 (Bién doi lugng giac)
C
Sin§ —i—sin; —|—sin§ < 3
3 A B C

& — —sin— —sin— —sin— >0

2
— (B
@3—2sinﬂ (B+C)

B
—QSin——Zsing >0
2 2

B+O—281n§—281n%20

<:>1+Sin2§+0032§+81n2g+00829
B : C 2B 02 Bg
— 2(008350085 — singsina) — 2sin§ — QSinE >0
< (cos 5 cos 5)2 + (1 —sin 5~ sin 5)2 > 0, luon ding,.
Dau déng thic xay ra khi tam giac ABC déu.

Chitng minh 2 (Bién doi tuyén tinh goc)

< 3 — 2cos

Dat A, = ”;A,Bl - W;B,Cl - ”;C . Khi &y Ay, By, C) 1a ba
goc cua mot tam giac. Do d6 Bai 1.1 dung cho tam giac A;B1C,. Vi
cos A1 = sin —, cos By = sin g, cos C] = sin — nén ta co:

: . B . C 3

smE + sm§ + smE = cos A; +cos By +cos(C < X (dpcm) .

Lai binh: Chitng minh 2 (bién ddi tuyén tinh géc) rat don gidn va gan nhu
khong doi hoi kién thitc gi, ngoai cong thic quan hé lugng giac clia hai
gbéc phu nhau.

Bai toan 1.3. Chitng minh rang véi moi tam giac ABC c6 ba géc nhon

ta co
sinA+sinB +sinC 1
< —(tan A tan B tan C').
cosA+COSB+COSC’_3(an an 3 tan C)

Z 2 ﬂ-
Ching minh Khong mat tong quat, gia sit 5 >A>B>C >0.Dotinh

dong bién ctia ham s tan va tinh nghich bién ctia ham s6 cos trén khodng
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