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MG DAU

Bai to4n tim gia tri I6n nhat hodc nhé nhat hay tim cuc tri mot biéu thiic

da cé tur lau, nhung luon xuét hién trong moi Iinh vuc cua toan hoc. Trong
chuong trinh to4n phd thong, bai todn tim gia tri I16n nhat hodc nho nhat trai
dai & hau hét cac cép hoc, c6 mat & tat ca cic bdo mon S6 hoc, Dai s6, Giai
tich, Hinh hoc va Luogng gidc. Pac biét, trong ky thi Dai hoc, Hoc sinh gioi
quoc gia va quoc t€ thudng cé bai xdc dinh cuc tri mot bi€u thitc nao d6. Boi
vay, bai toan tim gia tri 16n nhat hoac nho nhat 1a mot trong s6 nhiing bai
toan dugc rat nhi€u ngudi thuoc nhi€u linh vuc quan tam dén.
Cé4c bai toan tim gid tri 16n nhit hay nho nhat mot biéu thic rat phong phd,
da dang, doi hoi van dung nhiéu kién thitc va van dung sao cho hop ly, doi
khi rat doc ddo. Hon nira, bai toan xac dinh gid tri 16n nhat hoac nho nhat
con lién quan dén su danh gid, tim cdi chin hodc xét xem biéu thifc s& c6
tinh chat gi khi n6 dat cuc tri. Chinh vi th€, phuong phap x4c dinh gia tri 16n
nhat hay nhd nhat mot biéu thite s& rat thiét thuc doi véi nhitng ai mudn tim
hiéu sau vé todn so cAp.

Dé d4p ting nhu ciu hoc tap va giang day mon todn & bac phd thong, luan
van da dat van dé: Trinh bay mot s6 phuong phap tim gia tri 16n nhat hoac
nho nhat mot biéu thite. Qua d6 luan vin ciing dua ra viéc van dung cdc két
qua dat duoc dé giai quyét mot s bai todn lién quan.

Noi dung ctia luan van duge chia ra lam ba chuong.

Chuong I danh dé gidi thiéu khdi niém va mot vai phuong phdp ching minh
bat dang thitc véi cdc vi du twong thich. Chuongll danh dé trinh bay vé gia
tri 16n nhat va nhé nhat. Day la chuong trong tam gidi thiéu vé cic phuong
phdp tim gi4 tri 16n nhat va nho nhat. Cu thé muc 2.1 tap trung gidi thiéu mot
s& bai todn chon loc tim gid tri 16n nhat va nho nhat bang phuong phap bat
dang thitc. Muc 2.2 gi6i thiéu diéu kién dat cuc tri cia ham da thitc hai bién
bac hai va cac vi du lién quan. Muc 2.3 gi6i thiéu phuong phdp dao ham tim
gia tri 16n nhat va nhoé nhat d6i véi ham mot bién, ham 16i, ham nhi€u bién
va cdc sang tac bai tip tuong ung. Muc 2.4 gidi thiéu mot s6 bai toan tim cu
tri bing phuong phép toa do di€ém, toa do véc to hodc dua vao tinh dic biét
cua hinh hoc. Muc 2.5 gidi thiéu mot sO bai toan tim gia tri 16n nhit va nho
nhit qua van dung cdc ham luong gidc va trinh bay phuong phdp sang tac
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mot s6 bai todn cuc tri trong tam gidc qua da thitc bac ba.

Chuong IIT tap trung trinh bay mot vai ting dung cac két qua dat dugc. Nhu
chitng minh lai c4c bat dang thic cd dién qua viéc van dung khdi niém cuc
tri ti€p theo gidi thiéu cac tng dung bai todn cuc tri trong viéc giai phuong
trinh, bat phuong trinh, h¢ phuong trinh va hé¢ bat phuong trinh.

Du da rat ¢d gang, nhung chac chan noi dung duoc trinh bay trong luan
van khong tranh khoéi nhitng thi€u x6t nhat dinh va em rat mong nhan duoc
su gdp y clia cac thay c6 gido va cac ban.

Luan van da duoc hoan thanh duéi su huéng dan ctia PGS.Ts. Dam Van Nhi.
Em xin chan thanh cdm on thay vé su giip d& nhiét tinh tir khi xay dung dé
cuong, viét va hoan thanh luan van.

Em xin cam on chan thanh t6i Truong Pai hoc Khoa Hoc Thai Nguyén,
noi em da nhan dugc mot hoc van sau dai hoc can ban.

Tiép theo, em xin chan thanh cam on cdc thay cod phan bién da doc va
g6p ¥ kién cho luan vin dé em hoan thién luan van ctia minh.

Loi cuéi xin chiic stic khoe tit ca cac thay cac ¢, chic thay co luén hoan
thanh tot nhiém vu dugc giao.

Chan thanh cam on!
Théi Nguyén, Ngay 1 thang 09 nam 2011.
Nguoi thuc hién
Ta Van Hoan
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Chuong 1

Phan chuan bi

1.1 Khai niém va mot vai tinh chat cua bat dang thic

Dinh nghia 1.1.1. Cho hai s6 thuc a va b. a dugc goi la lon hon b, ky hiéu
a > b, néu hiéu a — b 1a mot s6 duong; a duoc goi 1a lon hon hodc bdang b,
ky hiéu a > b, n€u hiéu a — b 1a mot s6 khong am; a duge goi 1a nho hon
b, ky hiéu a < b, néu hiéu a — b 1a mot s6 am; a dugc goi 1a nho hon hodc
bang b, ky hiéu a < b, néu hiéu a — b 1a mot s6 khong duong.

akhia >0

Gid tri tuyét doi cha a 1a |a| = .
—a khi a < 0.

Tinh chat 1.1.2. Vi cdc sO thuc a,b, ¢ va so tu nhién n luodn co tinh chdt:

a>b < a—-0b0>0
a>b < a+c>b+c
0> b = g2l s g2ntl
la| > |b| <= a®" > a*
azb = [
Voia>b, ¢c>0 < ac> bc
c<0 <= ac<bc.
a>bb>c = a>c.
la| < o <= @0
—a<a<a.

Khi chitng minh bat dang thitc, nhitng dong nhat thitc thuong duoc st dung:
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Meénh de 1.1.3. Vi cdc s6 thuc a,b, c, x,y, z va d # 0 ¢6 cdc dong nhdt thiic
sau ddy:

() (a+0b)? = a®+2ab+b? va (a — b)? = a® — 2ab + b,

(i) (a+b+c)* =a®>+b* + * + 2(ab + be + ca).
(iii) (a + b)® = a® + 3ab(a + b) + b® va (a — b)® = a® — 3ab(a — b) — b>.
(iv) a®> —b* = (a — b)(a +b).

(v) a® — b = (a —b)(a® + ab + V?) va a® + b3 = (a + b)(a® — ab + V?).
vi) (a® +0?)(2* + v*) = (az + by)* + (ay — bx)*.
(vii) (a® +0* + ) (2?2 + y? + 22) = (az + by + c2)? + (ay — bx)? + (bz —

cy)? + (cx — az)?

(viii) |ab| = |a||b, |§\ - % va |a| = |b| khi va chi khi a = +b.

Ba bé dé dudi day trinh bay c4c bat ding thitc thudng duoc sit dung sau nay.
Bo dé 1.1.4. Vi cdc s thuc a,b,c,x,y,z va d # 0 cé cdc két qud sau:
(i) a® + b* > 2ab.
(ii) (a* +0?)(2* + y?) > (ax + by)*.
(iii) (a® +0* + ) (2® + y? + 22) = (ax + by + c2)2.
(iv) [la] — [b]] <la+b] < |af + [b].
Bai gidi: (i) Boi vi (a — b)? > 0 nén a® + b* > 2ab. Dau = xdy ra khi va chi
khi a = b.
(i) Do boi (a? + b?)(2? + y?) = (ax + by)? + (ay — bx)* > (a:z: + by)? nén

(a® + b*) (2% + y?) > (ax + by)?. Dau = x4y ra khi va chi khi £=2
T

)
(iii) Do (a?4+b*+c?) (x?4+y*+2%) = (ax+by+cz)? (ay bz )%+ (bz—cy)*+
(cx—az)? > (ax+by+cz)? nén (a®>+b*+c2) (2 +y* +22) > (ax+by+cz)?.
Dau = x4y ra khi va chi kh1 ¢ _
Ty oz
(iv) Taluon ¢6 |a| > =+a, |b| > +b. Khi a+b > 0 thi = a+b < |a|+|b];

conkhi a+b < 0thi|a+b| = —a—0b < |a|+|b|. Tém lai |a+b| < |a|+]|b|. Boi
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vila| = |a+b+(=b)| < |a+bl4+|—0b] =|a+b|+|b| nén |a| — |b] < |a+1D|.
Tuong tu [b] = |[a + b+ (—a)] < la+ b+ | —a|l = |a+ b + |a|] nén
0] — |a] < |a+ b|. Tom lai ||a] — |b]| < |a+b| < |a| + 0. O
B6 dé 1.1.5. Véi a,b,c,z,y, z,u,v,t > 0 luon cé cdc bdt dang thirc sau:

(i) a+ b+ c > 3vVabe.

(i) ¥/(a+z)(b+y)(c+ 2) = Vabe + YTyz.
(i) </(a+x+u)(b+y+v)(c+z+1t) > Vabe+ JTyz + Vuvt.

Bai giai: (i) Vi a4+ b+ ¢+ Vabe > 2v/ab + 2V ev/abe > 4+/ abey/abe nén

a+b+c+m>4{7a_bchaya+b+c>3m.

(i) Néu mot trong ba s6 a + x, b+ 1, ¢ + z bang 0, chang han a + x = 0, thi

a = x = 0 va bat dang thic hién nhién ding. Xét a + 2,0+ y,c+ 2 # 0 :
a b abc

+ + > 3¢
atx b4y cH+z \/(a+x)(b+y)(c+z) Vi

Theo (1) ta c6

R O s
at+r bt+y c+z T\ (a+2)(b+y)(c+2)
Vabe + /zyz
Va4 z)(b+y)(c+ 2)
(i) Vi /(a+z+u)b+y+v)c+z+t) = J(la+2)(b+y)(c+2)+
Vuvtnén {/(a+z +u)(b+y+v)(c+ z + t) = Vabe+yzyz+v/uvt. O

Bo6 dé 1.1.6. Cho ba s6 thuc a,b,c > 0. Chitng minh cdc bdt ddng thitc sau:

cong v€ theo v€ duoc 3 > 3 . Tt day suy ra (ii).

1 1 2
' > khi ab > 1.
(1)1+a2+1+62 T+ab ¢
1 1 1 3
i > khi a,b,c > 1.
W et T e T e Trae ™0
(i) 1 n 1 S 1
iii > :
(1+a)> (145" 14ab
1 1 2
' < khi ab < 1.
W ar o Sira ™
1 1 1 3
(v) khi a,b,c < 1.

<
(1—|—a)2+(1—|—b)2+(1—|—c)2 1 + abc

86 héa boi Trung tam Hoc liéu — Dai hoc Thdi Nguyén http://'www.lrc-tnu.edu.vn



: 1 2 . 1 1
\%! va + +
( )\/1+a2 V1+b? \/ a—|—b Vi+a? V141D
1 3 1
= khza,b,c}—.
V142 \/1+(a+b+c>2 V2
3

Bai giai: (i) Bt dang thic twong duong véi bat déng thic (ab—1)(a—0b)? >
1 1

0. Va > khi ab > 1

2'1yl+a2+1+b2 1%1—ab li 5

(

1+1a2+1Tb2/1J§ab 1+abc

Vv

(i) Via,b,c > 1 nén tir <

> = ta suy ra
14+bc ™ 1+ abe

N 2 < 2

\1+c23 1+a2” 1+ca” 1+ abc

+
1402 1+ 2
1 1

WV

1 1 1
> .
1—i—a2+71—|—b2+1—|—02 1+abc
(iii) Bat déng thitc twong dwong véi bat déng thic (ab— 1) +ab(a—b)? > 0.
1

1 1
Vs > .
YOrar Ta T 1w

(iv) 12 hién nhién qua quy dong hai vé.

( 1 n 1 - 2 < 2
(14+a)?2  (140b)2 " 14+ab 1+ abc
1 1 2 2
< 1 nén ti < <
(v) Vi a,b,c < 1 nén tir < (1—|—b)2+(1—|—c)2 e S T abe ta
1 n 1 < 2 - 2
L(1+¢)?2 (1+a)? 1+ca  1+abe
1 n 1 n 1 o 3
suy ra < :
T AT T arn? T o2 S 1+ abe
s 1 . . _ )
(vi) Him s6 y = ﬁvmx >0c6y = —x(1+2%) 732 < 0. Vay y don
222 — 1
diéu gidm. Ta lai c6 3" = 322(1 + 22) %2 — (1 + 22) 732 = i
(1—|—:E2)5
1 1

0 kht =z >

i <
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va nhu vay y 1a ham 16i. Vay

7 1 1 \/1+a2 \/1+b2
) \/1—|—a2 \/1—|—b2 \/1—|—c2 \/ a—l—b+c>




